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Zusammenfassung
Die starke Wechselwirkung wird durch die Quantenchromodynamik (QCD) beschrieben, die
eine SU(3)-Eichtheorie in den drei Farbfreiheitsgraden von Quarks und Gluonen ist. Bei ho-
hen Energien zeigt die QCD die Eigenschaft der asymptotischen Freiheit, welche es erlaubt,
störungstheoretische Berechnungen in diesem Bereich durchzuführen. Bei niedrigen Energien
wird die laufende Kopplungskonstante allerdings groß was (Confinement), und die Anwendung
der Störungstheorie unmöglich macht. Aufgrund dieses Problems ist die Anwendung nichtper-
turbativer Methoden der QCD nötig, wie z.B. QCD-Summenregeln oder numerische Simulatio-
nen auf einem Gitter. Einen weiteren theoretischen Ansatz stellt die chirale Störungstheorie dar,
die mit dem Phänomen der chiralen Symmetriebrechung in der QCD verbunden ist. Letzteres
sagt nach dem Goldstone-Theorem die Existenz eines Oktetts von Goldstone-Bosonen voraus,
die man als die pseudoskalaren Mesonen (pi,K ,η) identifizieren kann. Die chirale Störungsthe-
orie beschreibt starke Wechselwirkungen bei niedrigen Energien direkt mit diesen experimentell
messbaren Hadronen, statt in expliziten Quark- und Gluon-Freiheitsgraden. Die auftretenden
Matrixelemente können dabei als Potenzreihe in den leichten Quarkmassen und kleinen Im-
pulsen entwickelt werden.
Die chirale Störungstheorie führt jedoch nur in ausreichender Nähe der Produktionsschwelle
eines Prozesses zu verlässlichen Resultaten. Um auch Berechnungen in der Resonanzregion
anstellen zu können, ist daher eine Erweiterung des Gültigkeitsbereichs wünschenswert.
Hier geschieht das durch die Einbeziehung der leichten Vektormesonen als Freiheitsgrade
in die Lagrangedichte der chiralen Störungstheorie (nach der sogenannten hadrogenesis con-
jecture), sowie durch Betrachtung nichtperturbativer Effekte mittels einer neuartigen Uni-
tarisierungsmethode. Letztere basiert auf den Forderungen der Mikro-Kausalität und der gekop-
pelten Kanal-Unitarität und bewahrt zusätzlich auch die elektromagnetische Eichinvarianz.
In dieser Arbeit wird zuerst die eben erwähnte Methode anhand von nichtrelativistischer
Streuung an einem Yukawa-Potential verschiedener Stärken und Reichweiten untersucht. Dies
ist sehr nützlich, um die Anwendbarkeit und den Gültigkeitsbereich des neuen Ansatzes zu
verstehen. Dabei wird der typische Fall der Überlagerung von schwachen, langreichweitigen
und starken, kurzreichweitigen Kräften betrachtet. Im nächsten Schritt wird die Streuung von
Goldstone-Bosonen mit diesem Ansatz analysiert, basierend auf der oben erwähnten chiralen
SU(3)-Lagrangedichte mit leichten Vektormesonen. Die Ergebnisse dieser gekoppelten Kanal-
Rechnung werden mit den experimentell bekannten s- und p-Wellen-Streuphasen bis zu einer
Energie von 1.2GeV verglichen. In den isoskalaren und isovektoriellen-Sektoren erkennt man
die dynamische Generierung der Resonanzen f0(980) und a0(980). In der p-Wellen-Streuung
werden die Vektormesonen dabei als Castillejo-Dalitz-Dyson Pole beschrieben. Schließlich er-
folgt eine Ausdehnung der Analyse auf die Photon-Fusions-Reaktionen γγ → pi0pi0, pi+pi−,
K0K¯0, K+K−, ηη und pi0η, die sehr sensitiv auf hadronische Endzustands-Wechselwirkungen
sind. Hier enthält die Lagrangedichte einige unbekannte Kopplungskonstanten, die die Wech-
selwirkungsterme mit zwei Vektormeson-Feldern parametrisieren. Diese werden durch einen
Fit der Ergebnisse an Daten für die Prozesse γγ→ pi0pi0,pi+pi− und den Zerfall η→ pi0γγ bes-
timmt. Unter Verwendung der erhaltenen Parameterbereiche werden dann Vorhersagen für die
Wirkungsquerschnitte der Prozesse γγ→ K0K¯0, K+K− und ηη gemacht.
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Introduction
Quantum chromodynamics (QCD) is the SU(3) colour gauge theory, which describes strong
interactions. Together with the spontaneously broken SU(2)× U(1) electroweak theory, QCD
forms the Standard Model of elementary particle physics. At high energies QCD possesses a
remarkable property of asymptotic freedom which allows the use of the standard perturbation
theory (pQCD).
At low energies, however, the running coupling becomes strong and the associated con-
finement makes perturbative calculations impossible. To overcome this problem one has to
apply nonperturbative methods like QCD sum rules [SVZ79, CK00, Kle11] or lattice simula-
tions [Kog83, A+09]. Another powerful theoretical framework is chiral perturbation theory
(χPT) [Wei67, GL84]. The origin of χPT is connected with another main property of QCD -
spontaneous chiral symmetry breaking. According to the Goldstone theorem, this breakdown
leads to the appearance of an octet of Goldstone bosons which are identified with pseudo-scalar
mesons (pi, K , η). An analysis of the low energy region is conducted in terms of experimentally
detected hadrons rather than explicit quark-gluon degrees of freedom. A systematic expansion
of matrix elements is performed in terms of masses of the light quarks and small momenta. The
χPT was successfully applied to numerous physical processes in recent years. In [Sch03] one
can find an introduction to χPT and a comprehensive overview of the basic results. However,
χPT leads to controlled results in the close-to-threshold region only and a generalization to
higher energies is desirable.
An important progress has been made by including additional degrees of freedom and taking
into account nonperturbative effects. In particular the so-called hadrogenesis conjecture [LK01,
LK04, LKK04, LK05, LS08, LL08, TLL12] relies on the relevance of a few "quasi-fundamental"
hadronic degrees of freedom. Interactions between them, namely between pseudo-scalar and
vector mesons, together with the baryon octet and decuplet are expected to generate the low
energy spectrum of QCD. For instance in [LK04] it was demonstrated that the leading chiral
interaction of Goldstone bosons with the light vector mesons generates an axial-vector meson
spectrum. In [KL04] a set of 3
2
−
resonances was dynamically generated, based on the interaction
of Goldstone bosons with baryon decuplet fields. These results are in qualitative agreement with
empirical data. The summation of an infinite number of terms was performed by solving the
Bethe-Salpeter-Equation (BSE). This is one of the possible coupled-channel unitary techniques
that allow to extend the applicability domain of χPT to higher energies where meson resonances
play a crucial role.
In practice, however, use of the BSE has different limitations. If the interaction kernel is
truncated in perturbation theory, where the electromagnetic gauge invariance is guaranteed
order by order, the resulting scattering amplitude would generally depend on the gauge and
choice of field.
Both difficulties of the BSE are removed in a novel scheme introduced in [GL10, GLP11].
The main objective of that work is a controlled realization of the causality and unitarity condi-
tion in a perturbative application of the chiral Lagrangian. The starting point are partial-wave
dispersion relations. A generalized potential is constructed from the chiral Lagrangian in the
1
subthreshold region and analytically extrapolated to higher energies in terms of suitably con-
structed conformal variables. The partial-wave scattering amplitudes are defined as solutions of
non-linear integral equations that are solved by means of the N/D ansatz.
In this work, first we apply the novel scheme to non-relativistic Yukawa interactions of various
couplings and ranges. There are few essential features kept in Yukawa ansatz. First, the exact
solution is easily accessible from the Lippmann-Schwinger equation. Second, the analytic struc-
ture of the Yukawa partial-wave amplitude is similar to a realistic case. Therefore this analysis
helps us to realize the usefulness of the new approach and to what extent it is valid. The typical
case of a superposition of strong short-range and weak long-range forces is investigated. Then
we study Goldstone boson scattering based on the flavour SU(3) chiral Lagrangian with dynam-
ical light vector mesons as formulated within the hadrogenesis conjecture. A coupled-channel
computation is confronted with the empirical s- and p-wave phase shifts up to 1.2 GeV. The
system is characterized by two relevant and known parameters only, the chiral limit value of
the pion decay constant and the coupling constant characterizing the decay of the rho meson
into a pair of pions. Finally, we extend our analysis to the photon-fusion reactions γγ→ pi0pi0,
pi+pi−, K0K¯0, K+K−, ηη and pi0η which are very sensitive to hadronic final-state interactions.
In this case the Lagrangian contains five unknown coupling constants parameterizing the inter-
action terms with two vector meson fields. These parameters are fitted to photon fusion data
γγ → pi0pi0, pi+pi− and to the decay η → pi0γγ. Based on our parameter sets we predict the
γγ→ K0K¯0, K+K− and ηη cross sections.
The thesis is organized in the following way. In the first chapter we summarize the basic
aspects of QCD and give a short introduction to χPT supplemented with light vector mesons.
Chapter 2 is divided into three parts. First, in Section 2.1 the novel technique [GL10] is illus-
trated by means of a Yukawa interaction, where the exact solution is known. After the Yukawa
toy model, we consider the scattering of Goldstone bosons in Section 2.2. Section 2.3 shows the
study of photon-fusion processes. We conclude in Chapter 3, where a summary and outlook of
our results are given. Appendices A, B, C and D collect some calculational details.
Sections 2.1, 2.2 and 2.3 are based on Refs. [DGL11a, DGL11b, DL12, DLLT12] with more
detailed explanations.
2
1 QCD at low energy
1.1 QCD and chiral Symmetry
QCD is a non-Abelian gauge theory of interacting quarks and gluons. Quark fields are fermions,
which come in six different flavours, in addition to their three possible colours. Gluons come in
eight colour combinations and hadrons are colour-singlet combinations of quarks, anti-quarks
and gluons.
1.1.1 The QCD Lagrangian and the coupling αs
The gauge invariant QCD Lagrangian is given by (up to gauge-fixing terms) [Ynd06]
LQCD =
∑
f= u,d,s,c,b,t
q¯ f (iγ
µ Dµ−m f )q f − 14 G
(a)
µν G
(a)µν ,
Dµ = ∂µ− i gs λ
(a)
2
A(a)µ , (1.1)
G(a)µν = ∂µA
(a)
ν − ∂νA(a)µ + gs f abc A(b)µ A(c)ν ,
where gs is the QCD coupling constant and f
abc are the standard totally antisymmetric SU(3)
structure constants1. For each flavour f and colour, the quark fields q f are the four component
Dirac spinors and the A(a)µ (x) are the eight (a = 1, ..., (N
2
c − 1) = 8) Yang-Mills gluon fields. The
non-Abelian nature of QCD introduces an additional term in the field strength tensor G(a)µν , giving
rise to triplet and quadruple gluon self-interactions and eventually to the asymptotic freedom
property.
The gauge principle imposes the local SU(3) transformation
q f 7→ q′f = exp
 
−i
8∑
a=1
Θa(x)
λ(a)
2
!
q f = Uq f , (1.2)
described by the set of parameters Θa(x) = [Θ1(x), ...,Θ8(x)] and λ(a) are the eight Gell-
Mann matrices (see Appendix A). The quark field q f (q¯ f ) belongs to the fundamental (complex
conjugate) representation of the SU(3) gauge group, while the gluon belongs to the adjoint
representation and all hadrons belong to the trivial representation. Formally, one can write
3⊗ 3¯= 8⊕ 1. The interaction between quarks and gluons rotates the quark’s colour.
The effective QCD coupling αs = g2s /4pi is defined by
αs(Q) =
4pi
β0 ln(Q2/Λ2)

1− 2β1
β20
ln[ln(Q2/Λ2)]
ln(Q2/Λ2)
+ ...

(1.3)
1 fabc =
1
4i
Tr([λa,λb]λc)
3
Figure 1.1.: The QCD coupling constant αs as a
function of the respective energy
scale Q. The figure is taken from
[N+10].
where β0 = 11− 2/3n f , β1 = 51− 19/3n f and n f is the number of flavours of quarks with
mass less than the characteristic energy scale Q. Λ is the fundamental parameter of QCD (it sets
the scale of the running coupling).
From Eq.(1.3), one can see that the "running coupling" is small if the renormalization scale
is chosen high enough (αs → 0 as Q → ∞). This property is called "asymptotic freedom"
[GW73,Pol73], and leads to a perturbative treatment of QCD for high energy processes. On the
other hand, QCD becomes strongly coupled at the energy scaleQ ∼ Λ, giving rise to confinement
of quarks and gluons. As a consequence, we are not able to work perturbatively at low energies.
A nonperturbative approach is needed.
Table 1.1.: Current quark masses according to PDG [N+10]. The result is given for the MS running
mass at a scale µ≈ 2 GeV.
mu = 1.7− 3.3 MeV mc = 1.27+0.07−0.09 GeV
md = 4.1− 5.8 MeV mb = 4.19+0.18−0.06 GeV
ms = 101
+29−21 MeV mt = 172.0± 0.9± 1.3 GeV
In Eq.(1.1) m f are the quark masses. Quarks have not been observed as isolated states and
therefore are not directly measurable quantities. This experimental finding is called color con-
finement. The numerical values of quark masses generally depend on the renormalization scale
and scheme. In Table 1.1 the current MS quark masses according to PDG [N+10] are presented.
By inspecting this table one finds that the masses of the u, d and, to a lesser extent, s quarks are
small compared to the masses of hadrons2, or to the typical hadronic mass scale of ∼1 GeV. This
implies that besides the discrete C , P, and T symmetries, QCD exhibits an additional symmetry,
which we will discuss in the next subsection. In the following we are keeping only the three
lightest quarks (up, down and strange) in the Lagrangian (1.1).
2 like e.g. the ρ meson mass
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1.1.2 Chiral symmetry
As a starting point in the discussion of low energy QCD, let us consider the so-called chiral limit
mu, md , ms→ 0. In this case the QCD Lagrangian is given by
L0QCD =
∑
f=u,d,s

q¯ f ,R iγ
µDµ q f ,R+ q¯ f ,L iγ
µDµ q f ,L
− 1
4
G(a)µν G
(a)µν , (1.4)
where the right-handed (R) and left-handed (L) quark fields3
qR =
1
2
 
1+ γ5

q, qL =
1
2
 
1− γ5q, (1.5)
do not interact with each other.
Due to the flavour blindness of the covariant derivative, L0QCD is invariant under the global
U(1)V×U(1)A×SU(3)V×SU(3)A (formally SUV (3)×SUA(3) = SUL(R)×SUR(3)) transformations
of the quark fields
q→ exp

iθV + iθ
a
V
λa
2

q, q→ exp

iγ5θA+ iγ5θ
a
A
λa
2

q . (1.6)
According to Noether’s theorem, each symmetry of the Lagrangian is associated with the con-
served currents. Under the global U(1)V × SU(3)V × U(1)A× SU(3)A symmetry we obtain the
following vector and axial vector current densities
Vµa = q¯γ
µ
λa
2
q, Vµ = q¯γµ q, ∂µV
µ
a = 0, ∂µV
µ = 0 ,
Aµa = q¯γ
µγ5
λa
2
q, Aµ = q¯γµγ5 q, ∂µA
µ
a = 0, ∂µA
µ 6= 0 . (1.7)
The vector U(1)V symmetry is related to baryon number conservation, while the axial U(1)A is
broken by quantum fluctuations (Abelian anomaly) [tH76,CDG76], resulting in
∂µA
µ =
3 g2s
32pi2
εµνρσ G
(a)µν G(a)ρσ . (1.8)
Note that in (1.8), the factor of three corresponds to the number of flavours and g2s ∼ 1/Nc in
the large Nc (number of colours) limit. The remaining SU(3)V × SU(3)A = SU(3)R × SU(3)L
symmetry is called chiral symmetry.
From SU(3)V × SU(3)A symmetry one can naively expect that the hadron spectrum should
consist of degenerate multiplets with opposite parity. In fact, this is not realized in nature and
the chiral symmetry is spontaneously broken down to the vector subgroup SU(3)V ,
SU(3)V × SU(3)A→ SU(3)V . (1.9)
3 The terminology right-handed and left-handed fields can easily be seen in terms of helicity eigenstates. In the
zeros mass limit the chiral operators PR/L =
1
2
(1±γ5) also project onto the positive/negative helicity eigenstates.
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It turns out that the ground state of the theory is not symmetric under the chiral rotations and
according to the Goldstone theorem [Gol61, GSW62], QCD must contain N2F − 1 = 8 massless
bosons with spin 0. The quantum numbers of these Goldstone bosons are J P = 0− and asso-
ciated with the broken axial generators. From the analysis of the hadron spectrum one can
easily see that the eight lightest hadrons (pi+, pi−, pi0, K+, K−, K0, K¯0 and η) are pseudo-scalar
mesons. We identify them with Goldstone bosons. Their masses are nonzero but small4. This is
a consequence of the fact that the physical quark masses are not exactly zero.
If we include the quark mass term M = diag{mu, md , ms} in the Lagrangian (1.4) we obtain
the mixing between left- and right-handed quark fields,
LM =−q¯Mq =− q¯RMqL + q¯LMqR , (1.10)
and therefore explicit breaking of the chiral symmetry. The divergences of the currents are
modified to
∂µV
µ,a = i q¯

M,
λa
2

− q,
∂µA
µ,a = i q¯

M,
λa
2

+ γ5 q,
∂µV
µ = 0,
∂µA
µ = 2i q¯Mγ5 q+
3 gs
32pi2
εµνρσ G
(a)µν G(a)ρσ . (1.11)
From Eq.(1.11) one can see that U(1)V symmetry is always conserved. In the case of equal quark
masses mu = md = ms, QCD is invariant under vector transformations5, while the divergences
of the axial-vector currents Aµ,a are proportional to the quark masses. Hence the masses of light
quarks are small compared to the typical hadronic scale, the axial current is approximately con-
served. This is the so called Partially Conserved Axial Current (PCAC) effect, and as we will see
later, chiral perturbation theory is an appropriate framework to treat this effect perturbatively.
1.2 Effective field theory
Effective field theories (EFTs) have become a powerful theoretical approach widely used in
particle, nuclear and condensed-matter physics [Kap05, Man96]. An important feature of EFT
is the application of a systematic approximation in a certain energy domain only, defined with
respect to some energy scale Λ. Within the given scale, relevant (effective) degrees of freedom
might be different from the underlying ones. As a consequence, EFTs can substantially simplify
the calculation (or sometimes even make them possible) if it is not clear how to work with
the underlying theory. In case of QCD we know that at low energies the interactions between
quarks and gluons become strong and standard perturbation theory (pQCD) cannot be applied.
Therefore, it turns out very difficult to perform the calculations in terms of fundamental degrees
of freedom, such as quarks and gluons. On the other hand, due to confinement, hadronic states
are assumed to be appropriate degrees of freedom. Combination of the concept of EFT together
with the chiral symmetry properties of QCD is the base of chiral perturbation theory.
4 Therefore the light pseudo-scalar mesons are sometimes called pseudo-Goldstone bosons.
5 Note [λa, 1]− = 0
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1.2.1 χPT
The most powerful way to construct the effective chiral Lagrangian is to use the external field
technique. The extended QCD Lagrangian [GL84,GL85]
L = L0QCD +Lex t
= L0QCD + q¯
 
γµ (vµ(x) + γ5 aµ(x))− (s(x)− iγ5 p(x))q (1.12)
includes the quark couplings to external scalar (s), pseudo-scalar (p), vector (vµ) and axial-
vector (aµ) fields. These fields are colour-neutral, hermitian (3× 3) matrices in flavour space
(for instance, vµ =
∑
a=1,..,8 v
a
µ
λa
2
). The Lagrangian density L0QCD corresponds to massless QCD,
while the quark mass term from Eq.(1.10) is included in the scalar field s(x) = M+ ... . The
external fields allow us to calculate the Green’s functions by taking functional derivatives of the
generating functional Z[v , a, s, p],
exp
 
iZ[v , a, s, p]

=
∫
[DAµ] [Dq] [Dq¯] exp

i
∫
d4x LQCD(q, q¯,Gµν ;v , a, s, p)

(1.13)
around vµ = 0, aµ = 0, p = 0 and s = M. If the generating functional is invariant under
local SU(3)L×SU(3)R transformations of the external fields, then all Green’s functions obtained
from Eq.(1.13) satisfy the chiral Ward identities. In addition, the external sources can be used
to include the electromagnetic and semi-leptonic weak interactions
rµ = vµ+ aµ =−eQAµ+ ...
lµ = vµ− aµ =−eQAµ+weak int. ... (1.14)
where Q is the quark charge matrix,
Q =

2
3
0 0
0 −1
3
0
0 0 −1
3
 (1.15)
and e ' 0.303 is the positron charge.
Since we are interested in the low energy realization of QCD, where hadrons are dynamical
degrees of freedom, the path integral representation will take the following form
exp
 
iZ[v , a, s, p]

=
∫
[DU] exp

i
∫
d4x Leff(U;v , a, s, p)

, (1.16)
where the matrix U contains the Goldstone boson fields. The most convenient parametrization
is exponential,
U(x) = exp

i
Φ(x)
f

(1.17)
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with
Φ =
8∑
a=1
φa λa =
 pi
0+ 1p
3
η
p
2pi+
p
2K+p
2pi− −pi0+ 1p
3
η
p
2K0p
2K−
p
2 K¯0 − 2p
3
η
 . (1.18)
Each element of the Φ matrix is identified with real particles by comparing the isospin and
hypercharge quantum numbers. The normalization of Φ is such that
tr
n
ΦΦ
o
= 2
8∑
a=1
φ2a = 2 (pi
0)2+ 2η2+ 4pi+pi−+ 4K0K¯0+ 4K+K− . (1.19)
Note that U(x) transforms linearly under SU(3)L × SU(3)R,
U → U ′ = RU L† , R, L ∈ SU(3)R,L , (1.20)
whereas the Goldstone boson fields possess non-linear transformation properties.
According to the discrete C, P, T and chiral symmetries requirements, the most general La-
grangian is uniquely given by
L=
f 2
4
tr
n
DµU
† DµU
o
+
f 2 B0
2
tr
n
MU†+ UM†
o
, (1.21)
where f is the pion decay constant in the chiral limit and B0 is connected to the chiral quark
condensate. In (1.21) the first term contains two derivatives6 (which is equivalent to two powers
of momentum) while the second term includes one power of the quark mass. The latter is
responsible for the explicit symmetry breaking. The local SU(3)R×SU(3)L transformations lead
to the covariant derivatives
DµU = ∂µU − i rµ U + i U lµ ,
DµU
† = ∂µU
†+ i U† rµ− i lµ U† , (1.22)
which transform in the same way as U in (1.20). The Lagrangian (1.21) is the leading term
among an infinite number of terms which satisfy the symmetry constraints. In order to perform
a systematic expansion, a power-counting scheme was introduced by Weinberg [Wei79]. The
Lagrangian is organized according to the number of derivatives and powers of the quark masses
involved in interaction terms,
L= L2+L4+ ... (1.23)
where the subscript denotes the chiral power of the expansion. Consequently, at a given order
there is only a finite number of terms, which has to be considered. Denoting by Q the expan-
sion parameter which stands for the typical momentum of the process, one can summarize the
general counting
U ∼ Q , M∼Q2 , f L/Rµν ∼Q ,
DµU ∼ Q , rµ, lµ ∼Q , (1.24)
6 Note that in the mesonic sector due to parity conservation, only terms with an even number of derivatives are
possible.
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where we have introduced the field strength tensors that correspond to the gauge fields,
f Rµν = ∂µrν − ∂ν rµ− i [rµ, rν]−
f Lµν = ∂µlν − ∂ν lµ− i [lµ, lν]− . (1.25)
According to (1.24) the quark mass matrix M has order Q2. It follows from the fact that at
leading order M can be expressed in terms of the pion and kaon masses
χ0 ≡ 2B0M=
 m2pi 0 00 m2pi 0
0 0 2m2K −m2pi
 , (1.26)
and m2pi,K ∼ Q2. Isospin breaking effects are neglected. All terms in (1.21) are of order Q2 and
correspond to the L2 in (1.23).
1.3 Chiral Lagrangian with vector mesons
In this section we will consider the inclusion of vector mesons in the chiral Lagrangian.
1.3.1 Relevant degrees of freedom
It seems quite natural to keep vector mesons as explicit degrees of freedom when aiming for a
description of hadron physics in the resonance region. The light vector mesons play a crucial
role in the hadrogenesis conjecture [LK01, LK04, LKK04, LK05, LS08, LL08, TLL12]. Together
with the Goldstone bosons they are identified to be the “quasi-fundamental” hadronic degrees
of freedom that are expected to generate the meson spectrum. For instance it was shown that
the leading chiral interaction of Goldstone bosons with the light vector mesons generates an
axial-vector meson spectrum that is quite close to the empirical one [LK04]. In addition we
recall a resonance saturation mechanism [EGPdR89]. It was shown that the size of low energy
constants (LECs) of Q4 counter terms is basically saturated by light vector mesons. Therefore
keeping the latter as explicit degrees of freedom, we extend this mechanism by taking into
account the dynamics of the vector-meson propagator [KM01].
In this thesis we are going to further explore the dynamic role of light vector mesons in the
chiral Lagrangian. The generating functional (1.13, 1.16) in the presence of vector mesons as
explicit degrees of freedom is modified to
exp
 
iZ[v , a, s, p]

=
∫
[DU] [DΦµν] exp

i
∫
d4x Leff(U ,Φµν ;v , a, s, p)

, (1.27)
where a nonet of vector-meson fields is combined in the usual matrix Φµν ,
Φµν =
 ρ
0
µν +ωµν
p
2ρ+µν
p
2K+µνp
2ρ−µν −ρ0µν +ωµν
p
2K0µνp
2K−µν
p
2 K¯0µν
p
2φµν
 . (1.28)
We assume ideal φ −ω mixing. The details of the antisymmetric tensor field representation of
vector mesons are given in Appendix B.
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1.3.2 Vector mesons
An introduction of higher-mass states in the chiral Lagrangian was first discussed in [CWZ69,
CCWZ69]. There is a certain freedom in the choice of the SU(3)R× SU(3)L transformation rule
for vector mesons. We follow the idea of the nonlinear realization of chiral symmetry in order
to impose the correct low-energy behavior of the interaction terms in the Lagrangian. In this
realization, the important ingredient is the compensating SU(3)V transformation K which is
defined through the relation
u→ u′ = RuK† = K u L†, u= exp

i
Φ(x)
2 f

, (1.29)
and leads to the following transformation of the vector-meson fields,
Φµν → Φ′µν = K Φµν K† . (1.30)
The matrix K(L,R,U) is in general a non-linear function of L, R and U(x). Its detailed form can
be found in [CWZ69, CCWZ69]. In order to construct the most general Lagrangian it is useful
to introduce new objects, transforming in the same way as vector fields [Kra90,Bir96],
Uµ =
1
2
u†

∂µU + ie Aµ [Q, U]−

u† ,
χ± =
1
2
(uχ†0 u± u†χ0 u†) , (1.31)
f ±µν =
1
2
(u f Lµν u
†± u† f Rµν u) ,
which together with the appropriate covariant derivatives
DµX = ∂µX + [Γµ,X ]−+ ie Aµ [Q, X ]− , (1.32)
form new building blocks. The chiral connection Γµ in (1.32) contains one derivative and has
the following form
Γµ =
1
2

u† ∂µu+ u∂µu
†

. (1.33)
It is important to mention, that the covariant derivative includes the interaction to the electro-
magnetic and pseudo-scalar fields. These terms are responsible for the lowest order interaction
in the chiral expansion, the so-called Weinberg-Tomozawa (pipihh, h-hadron), Kroll-Ruderman
(piγhh) and "seagull" (γγhh) terms. The new objects in (1.31, 1.32) transform homogeneously
under the local chiral transformations
X → X ′ = K X K† . (1.34)
Armed with this formalism one can incorporate vector mesons into the chiral Lagrangian. How-
ever, the constructed Lagrangian with light vector mesons will consist of an infinite number
of terms. Similarly to the pure χPT case, an appropriate power-counting scheme is needed to
make a systematic approximation.
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Figure 1.2.: The spectrum of mesons in the large Nc limit which is based on the hadrogenesis
conjecture. The picture is taken from [TLL12].
1.3.3 The novel counting scheme
While it is straightforward to write down a chiral Lagrangian with explicit vector mesons, it is an
open issue how to order the various terms. In a recent work a counting scheme was suggested
based on the dynamical assumption of hadrogenesis [LL08, LK04, TLL12]. It was shown that
an important step is the separation of scales. The expansion parameter in the theory is the
soft scale divided by the hard scale. In pure χPT, soft scales are the typical momentum of the
process and Goldstone boson masses, while the hard scale is the mass of the first non-Goldstone
resonance, which is not part of the Lagrangian.
Scale separation is more complicated for the effective Lagrangian, which is used in nonper-
turbative coupled-channel calculations. First of all, light vector mesons are included explicitly
in our Lagrangian. Secondly, as it will be shown in the Section 2.2, the chiral coupled-channel
dynamics of Goldstone-boson scattering generates light scalar meson resonances (J P = 0+).
At the same time, the leading chiral interaction of Goldstone bosons with the light vector
mesons dynamically generates an axial-vector meson spectrum (J P = 1+) [LK04]. These find-
ings suggest the hard scale to be significantly larger than in pure χPT. The latter assumption
is a postulate of the hadrogenesis conjecture, which relies on the relevance of a few "quasi-
fundamental" hadronic degrees of freedom (pseudo-scalar and vector meson fields), while the
nearest 0+, 1+, 2± states can be dynamically generated. Therefore, we expect to have a sizeable
mass gap in the large Nc limit (see Fig. 1.2) between 0
−, 1− and other resonances.
Based on these arguments, in [TLL12] the following hard scale
Λhard ≥ (2− 3)GeV (1.35)
was suggested. As a consequence the masses of light vector mesons (mV ) and pseudo-scalar
mesons (mP) can be treated as soft,
Dµ, mP , mV ∼Q . (1.36)
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Note that a derivative is counted as Q not depending on the field it acts upon. The chiral
counting for the new building blocks (1.31, 1.33) can be calculated straightforwardly from
(1.24),
Uµ ∼ Q , χ± ∼Q2 , fµν ∼Q2 .
Even though we have now a formal counting for vector mesons, in order to have a complete
picture one has to explore loop effects. This study is beyond the scope of this thesis and will be
done elsewhere. In the following we restrict ourselves to the leading order calculations.
1.3.4 Q2 chiral Lagrangian
The most general Lagrangian can now be constructed with the help of the new building blocks
(1.31, 1.33), the power-counting scheme (1.36, 1.37) and large Nc arguments [LL08]. The
latter implies that interaction terms that involve a double trace in flavour space are suppressed
by 1/Nc as compared to single-flavour trace interactions.
At order Q2, the contributions to two-point functions for pseudo-scalar and vector mesons
read [TLL12],
L2 = f
2 tr
n
Uµ U†µ+
1
2
χ+
o
− 1
4
tr
n
(DµΦµα) (Dν Φ
να)
o
+
1
8
m2V tr
n
Φµν Φµν
o
+
1
8
bD tr
n
Φµν Φµν χ+
o
+
1
2
fV tr
n
Φµν f +µν
o
, (1.37)
where fV is the vector decay constant and parameter bD determines the explicit breaking of
chiral symmetry through the quark masses. At tree-level the vector meson masses are
m2ρ = m
2
ω = m
2
V + bDm
2
pi ,
m2K∗ = m
2
V + bDm
2
K , (1.38)
m2φ = m
2
V + bD (2m
2
K −m2pi) ,
which lead to the estimate of mV ' 0.764 GeV and bD = 0.92±0.05. The latter values reproduce
the empirical vector meson masses with an uncertainty of less than 10 MeV. The parameter fV ,
fV = 0.140± 0.014 GeV (1.39)
was determined in [LL08] by the decay of the ρ0, ω and φ mesons into di-electrons
7.
With respect to the chiral SU(3) symmetry, the following terms are relevant for three-point
vertices of order Q2,
L3 =
i
2
fV hP tr
n
UµΦ
µν Uν
o
+
i
8
hA"
µναβ tr
n
Φµν , (D
τΦτα)

+ Uβ
o
− i
4
m2V
fV
hV tr
n
ΦµτΦ
µν Φτν
o
+
i
2
eM tr
n
Φατ f
+
αβ
Φτβ
o
+
i
8
hO "
µναβ tr
n
(DαΦµν), Φτβ

+ U
τ
o
+
i
4
bA"
µναβ tr
n
Φµν χ−Φαβ
o
. (1.40)
7 Note that in [DGL11b, LL08] slightly different notations were used. The relations between eV , gD, gF , hP
in [DGL11b, LL08] — denoted by old — and fV , g1, g2, hP used here and in [TLL12] are fV =
0.776GeV
4 e
eV ,
g1 = gD, g2 = gF and hP =
0.776GeV
fV
hP[old]. e ' 0.303 is the positron charge.
12
Note that at this order there is no term which describes the direct decay of a vector meson into a
Goldstone boson and photon. This is a next-to-leading order vertex and can be found in [LL08].
The term that includes coupling hO does not vanish only for processes where at least one vector
meson is off-shell (see Appendix B).
Finally, we present the relevant four-point vertices responsible for interactions of vector
mesons and Goldstone bosons of order Q2,
L4 =
1
8
g1 tr

Φµν ,Uα

+

Uα,Φµν

+
	
+
1
8
g2 tr

Φµν ,Uα

−

Uα,Φµν

−
	
+
1
8
g3 tr

Uµ ,U
ν

+

Φντ ,Φ
µτ

+
	
+
1
8
g4 tr

Uµ ,U
ν

−

Φντ ,Φ
µτ

−
	
+
1
8
g5 tr

Φµτ,Uµ

−

Φντ ,U
ν

−
	
. (1.41)
The complete leading-order Lagrangian that includes four-point vertices of vector mesons and
the η′ field can be found in [TLL12]. That work predicts a small mixing between the η and η′,
θ =±2◦, and therefore it is not taken into account in the present study.
To obtain the relevant terms it is useful to expand the building blocks (1.31, 1.33) in powers
of Goldstone boson and vector meson fields,
Uµ =
i
2 f
∂µΦ− e2 f Aµ

Q, Φ

−+O(Φ3) ,
DµΦαβ = ∂µΦαβ +
1
8 f 2

Φ, ∂µΦ

−, Φαβ

−+ i e Aµ

Q, Φαβ

−+O(Φ4) ,
Γµ =
1
8 f 2

Φ, ∂µΦ

−+O(Φ3) ,
χ+ = χ0− 18 f 2

Φ,

Φ,χ0

+

++
1
384 f 4

Φ,

Φ,

Φ,

Φ, χ0

+

+

+

++O

Φ6

,
χ− =
i
2 f

χ0, Φ

++O

Φ3

,
f +µν =−eQ Fµν +
e
8 f 2

Φ,

Φ, Q

−

−Fµν +O

Φ4

,
f −µν =−
i e
2 f

Φ, Q

−Fµν +O

Φ3

. (1.42)
As already pointed out, f may be identified with the pion-decay constant, fpi = 92.4 MeV,
at leading order. A precise determination of f requires a chiral SU(3) extrapolation of some
data set. In [LK02] the value f ' 90 MeV was obtained from a detailed study of pion- and
kaon-nucleon scattering data. At the same time, this value was used consistently in various
applications of chiral Lagrangians to meson and baryon resonance physics [LK01,LKK04,LK05].
We will use f = 90 MeV throughout this thesis.
At first sight, the number of free parameters in (1.37, 1.40, 1.41) that have to be determined
from experiment is quite large. However, it is important to stress that only a small part of these
parameters contribute to specific physical processes. Most of the parameters are determined by
the decay properties of the light vector mesons and Goldstone bosons and only few parameters
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are left. Here we recall the values for the parameters determined from two and three body
decays [LL08,LL09],
fV hP ' 0.225± 0.023GeV , hA ' 2.10 , bA = 0.27± 0.05 ,
hV ' 0.084 , eM ' 0.00 . (1.43)
As a result we expect coupled-channel calculations based on this Lagrangian to be highly
predictive.
In the next chapter we will show how to extrapolate analytically subthreshold amplitudes
to higher energies based on the scheme that implements constraints from micro-causality and
exact unitarity [GL10]. First we illustrate the method for a schematic system (Yukawa-type
interactions) where the exact solution is known. This will shed further light on its usefulness.
Then we apply the scheme to Goldstone boson scattering and photon-fusion reactions. The
tree-level partial-wave scattering amplitudes computed from the chiral Lagrangian (1.37, 1.40,
1.41) will be an important input for nonperturbative calculations.
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2 Analytic extrapolation of the scattering
amplitude
2.1 Yukawa-type interactions
In this section we examine the usefulness of the novel technique [GL10] for the case of non-
relativistic Yukawa interactions. The method applied here allows to construct an analytic extrap-
olation of partial-wave scattering amplitudes fulfilling the unitarity condition. The conformal
mapping technique helps to achieve a systematic approximation of the scattering amplitude.
For systems where the exact solution can easily be found, the method does not provide any
benefits as compared to the existing theoretical approaches. However, for coupled-channel cal-
culations based on the chiral Lagrangian, where it is already difficult to derive the interaction,
our method appears to be very efficient. The Bethe-Salpeter equation, which describes the two-
body scattering process in quantum field theory, is a four-dimensional integral equation which is
hard to deal with. Moreover, if the interaction kernel is truncated in perturbation theory, where
the electromagnetic gauge invariance is guaranteed order by order, the resulting scattering am-
plitude generally depends on the choice of gauge. This is due to the fact that by iterating the
Bethe-Salpeter kernel, a lot of diagrams that are responsible for gauge invariance are missing.
Additionally, when an interaction includes s-, t- and u-channel exchange processes the result of
the Bethe-Salpeter equation depends on the field parametrization. This is a consequence of the
dependence of the off-shell scattering amplitude on the parametrization of U in (1.17) [Sch03].
Contrary, our method is based on the generalized potential, which is an on-shell quantity. As
a result, the generated scattering amplitudes will be gauge invariant and independent on the
choice of field.
The calculations are made for non-relativistic Yukawa interactions of various strengths and
ranges, where the exact solution is found from Lippmann-Schwinger equation. Though a quan-
titative description of realistic systems is not justified in terms of potential scattering, there
are several important features kept in a Yukawa ansatz. It is well known that the analytic
structure of the Yukawa partial wave amplitude is similar to the relativistic case. For instance,
the nucleon-nucleon interaction has a long-range Yukawa part occurring from the one-pion ex-
change process. Importantly, a left-hand cut of the scattering amplitude is very close to threshold
and therefore has a significant influence on the physical region. In this sense the pion-nucleon
system is similar, because there is also a long-range component in the interaction given by the
nucleon u-channel exchange.
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2.1.1 Expansions with a Yukawa potential
We consider the nonrelativistic scattering of two particles with masses m1 and m2 due to a single
Yukawa potential,
〈k′|V |k〉= 4pi g
(k′− k)2+µ2 , (2.1)
where the coupling g and Yukawa mass µ characterize the strength and range of the interaction,
respectively. The scattering process is determined by the t-matrix, satisfying the nonrelativistic
Lippmann-Schwinger equation [BJ76]
t = V + V G t = V + V
1
E −H0+ iε t , (2.2)
where E = q2/(2m) is the energy in center-of-mass frame and m = m1m2 /(m1 + m2) is the
reduced mass. In the component notation Eq.(2.2) reads
〈k′| t(q2)|k〉= 〈k′|V |k〉+ 2m
∫
d3k′′
(2pi)3
〈k′|V |k′′〉 〈k′′| t(q2)|k〉
q2− k′′2+ i ε . (2.3)
It is often convenient in low or intermediate energy physics to perform a partial-wave decom-
position of the amplitude and the potential,
〈k′|t(q2)|k〉 = 4pi
∞∑
l=0
(2l + 1) Pl(cosθ) 〈k′|t l(q2)|k〉 ,
〈k′|t l(q2)|k〉 = 14pi
∫
d cosθ
2
Pl(cosθ) 〈k′|t(q2)|k〉 ,
〈k′|V |k〉 = 4pi
∞∑
l=0
(2l + 1) Pl(cosθ) 〈k′|Vl |k〉 ,
〈k′|Vl |k〉 = 14pi
∫
d cosθ
2
Pl(cosθ) 〈k′|V |k〉 , (2.4)
where θ is the scattering angle in center-of-mass frame and l is the angular momentum. The
partial-wave Lippmann-Schwinger equation takes the form
〈 k′| t l(q2)|k〉= 〈 k′|Vl |k〉+ 4mpi
∫ ∞
0
k′′2 dk′′
〈k′|Vl |k′′〉 〈 k′′| t l(q2)|k〉
q2− k′′2+ i ε , (2.5)
where q, k, k′ correspond to the center-of-mass on-shell and initial and final off-shell momenta,
respectively. The explicit form of the partial-wave Yukawa potential reads
〈 k′|Vl |k〉= g2 k′k Q l

k2+ k′2+µ2
2 k′k

, Q0(x) =
1
2
log
x + 1
x − 1 ,
Q l(x) =
1
2
Pl(x) log
x + 1
x − 1 −
l∑
k=1
1
k
Pk−1(x) Pl−k(x) , (2.6)
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Figure 2.1.: The area of convergence (white)
of the Born series for the s-
wave Lippmann-Schwinger equa-
tion (2.5) with (2.6) in terms of
q2/µ2 and |g/gc|. For |g/gc| < 1
the series converges for all ener-
gies. The branch point caused by
the 2nd Born term is noted by the
dashed curve.
where Q l(x) is the Legendre function of second kind, which is analytic everywhere except a cut
between x =±1.
The Born series, determined as a power expansion of the integral equation (2.5) in the cou-
pling constant g,
〈k′| t l(q2)|k〉 = t(1)l + t(2)l + ... (2.7)
= 〈 k′|Vl |k〉+ 4mpi
∫ ∞
0
k′′2 dk′′
〈 k′|Vl |k′′〉 〈 k′′|Vl |k〉
q2− k′′2+ i ε + ... ,
converges only for certain values of g and q2 [Wei63,Lut00]. The convergence domain is deter-
mined by the condition that the kernel of the Lippmann-Schwinger equation has no eigenvalues
outside the unit circle [Wei63]. The region where the system is perturbative is shown in Fig.
2.1 as a function of q2/µ2 and |g/gc| for the s-wave scattering. For coupling constants, |g|< gc,
smaller than the critical one, which is in case of s-wave [EW88]
gc ' 1.68 µ2m , (2.8)
the series converges for all energies (−∞< q2 <+∞). However, when the coupling constant is
larger than its critical value the scattering amplitude is perturbative either for sufficiently small
or large q2. Within the shaded region of Fig. 2.1 the Born series (2.7) diverges. In the case of
attraction (g < 0) the two particles form a bound state at g =−gc [EW88]. Note that even if the
Born series fails to converge in the threshold region, the perturbation theory is still applicable
for sufficiently large negative q2.
In Fig. 2.2 the explicit calculation of the Born series to third order is presented. We show the
scaled on-shell amplitude
t¯ l (z) = 2mµ 〈 k′| t l(q2)|k〉

k′=k=q
with z =
q2
µ2
, (2.9)
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Figure 2.2.: S-wave scattering amplitude t¯ l for g =
3 gc
2
(left-hand panel) and g = −3 gc
2
(right-
hand panel). The solid curve follows with the exact solution of the Lippmann-
Schwinger equation, while [gn] denotes the n-th Born approximation.
for |g| = 3 gc/2 and s-wave (l = 0). The dimensionless amplitude t¯ l(z) depends on z = q2/µ2
and g/gc only. The cases of a positive (repulsive) and a negative (attractive) coupling constant
are shown in the left-hand and right-hand panels of Fig. 2.2, respectively. The convergence for
large |q2/µ2| is clearly seen in the figure, while the near-threshold region cannot be described by
the Born series. We also note the bound state structure arising for negative coupling constant.
Similarly, one can consider higher partial waves, but in general they converge faster. The critical
coupling constant is there much larger than for the case of s-wave scattering. Therefore in the
following we restrict ourselves to considering s-waves only.
With this knowledge, we now turn to the question of how to construct a systematic approxi-
mation of the system in the non-perturbative region. Although for the Yukawa interaction this
is a quite academic question, realistic systems are much more intricate and cannot be solved
exactly. The idea is to explore the causality and unitarity constraints imposed on the scattering
amplitude [GL10].
The scattering amplitude (2.9) suffers from kinematical constraints at q2 = 0,
t l(q
2 ' 0)∝ q2 l , (2.10)
reflecting the angular momentum barrier. In order to ensure finite values of the partial-wave
amplitude at threshold, we define a new scattering amplitude,
Tl(q
2) =−2mpΛ2+ q2Λ2+ q2
q2
l
〈k′| t l(q2)|k〉

k′=k=q
, (2.11)
with the scale parameter Λ. The new amplitude vanishes at infinite momentum q2 as
Tl(q
2)→− g m
2
p
q2
log
q2
µ2
for q2 Λ2 . (2.12)
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Figure 2.3.: Cut structure in the complex q2-plane of the Yukawa partial-wave amplitude. The
branch points at q2 = −1
4
(nµ)2 with n = 1,2, ... come from n-th Born terms and
unitarity imposes a right-hand cut starting at q2 = 0.
This is needed in order to obtain a well defined dispersive integral, discussed below. For energies
above threshold, unitarity requires
Im Tl(q
2) = |Tl(q2)|2ρl(q2) , ρl(q2) =

q2
Λ2+ q2
l+ 12
. (2.13)
In this regard the parameter Λ describes the scale at which the phase-space factor ρl(q2) ap-
proaches unity. When the unitarity constraint is satisfied, the phase shifts δl(q2) can be extracted
from the partial-wave scattering amplitudes via,
Tl(q
2)ρl(q
2) =
1
2 i

e2 iδl (q
2)− 1

. (2.14)
The analytic structure of the Yukawa partial-wave amplitude is well known (see Fig. 2.3 and
e.g. [Tay83]). It has a sequence of left-hand branch points at q2 = −1
4
(nµ)2 (n = 1,2, ...)
[Tay83] coming from n-th Born terms in addition to the branch point at q2 =−Λ2 caused by our
normalization1 (2.11). Moreover, unitarity imposes a cut in the region q2 > 0. Knowing this,
one can define the generalized potential Ul(q2),
Ul(q
2) = Tl(q
2)−
∫ ∞
0
dq′2
pi
q2+µ2M
q′2+µ2M
ρ(q′2)
q′2− q2− iε |Tl(q
′2)|2 , (2.15)
which is analytic everywhere above threshold and has the same left-hand cuts as Tl(q2). We
insist on one subtraction in the partial-wave dispersion relation (2.15). This allows us to match
the generalized potential and scattering amplitude at q2 =−µ2M (see e.g. [Man63,GL10]).
An important step is to perform a perturbative expansion not of the scattering amplitude
(standard Born series) but rather of the potential Ul(q2). The perturbative series is constructed
1 The artificial singularity at q2 = −Λ2 does not have a significant effect on the results. This was checked by a
variation of Λ.
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Figure 2.4.: S-wave generalized potential u¯l for g =
3
2
gc (left) and g = −32 gc (right). The solid
curve follows with the exact solution of the Lippmann-Schwinger equation, while
[gn] denotes the n-th Born approximation to the generalized potential (2.16) and
(2.17). A variation of the parameter Λ from 3µ to 9µ is almost invisible on this
figure and therefore we refrain from showing it.
by substituting Tl(q2) =
∑
k T
(k)
l (q
2) into the dispersion relation (2.15) and collecting terms of
the same power of the coupling constant g
Ul(q
2) =
∑
k
U (k)l (q
2) , (2.16)
where
U (1)l (q
2) = T (1)l (q
2) ,
U (2)l (q
2) = T (2)l (q
2)−
∫ ∞
0
dq′2
pi
q2+µ2M
q′2+µ2M
ρ(q′2)
q′2− q2− iε |T
(1)
l (q
′2)|2 ,
. . . .
Such an expansion converges also for the values of couplings larger than the critical one |g|> gc
if the subtraction point µM is chosen inside the perturbative area of Fig. 2.1. Moreover such an
expansion leads to exact unitarity for the scattering amplitude in contrast to Born approximation.
We take |g| = 3
2
gc and an s-wave scattering as before and also set the matching scale µ
2
M =
10µ2 well below the boundary of the nonperturbative domain. The variation of the parameter
Λ will be discussed. In Fig. 2.4 we show the convergence for the generalized potential u¯l , which
is normalized in the same way as t¯ l ,
u¯l(q
2) =− µp
Λ2+ q2

Λ2+ q2
q2
−l
Ul(q
2) . (2.17)
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Figure 2.5.: S-wave phase shifts for g = 3
2
gc (left panel) and g = −32 gc (right panel). The bands
are caused by a variation of 3µ < Λ < 9µ. The solid curve follows with the exact
solution, while [N/D gn] denotes the n-th truncation of the generalized potential.
One comment concerning the bound states (q2 = −q2Bi) is here in order. It is clear from the
definition of Ul(q2) (2.15) that the sum
∑
k U
(k)
l (q
2) does not converge to Ul(q2) but rather to
U˜l(q2),
U˜l(q
2) = Ul(q
2)−∑
i
g2Bi (q
2+µ2M)
(q2+ q2Bi) (q
2
Bi
−µ2M) , (2.18)
with EBi = q
2
Bi
/(2m) and gBi are the binding energies and residues of possible bound states. As
will be pointed out below, this term does not affect the further N/D solution.
The generalized potential Ul(q2) calculated for a given truncation can be used as an input for
the nonlinear integral equation (2.15). We reconstruct the approximate scattering amplitude
by means of the N/D technique [CM60, FW63]. In this method the scattering amplitude is
expressed as a ratio of two functions
Tl(q
2) =
Nl(q2)
Dl(q2)
, (2.19)
where Nl(q2) has only left-hand cuts, and Dl(q2) contains only right-hand cuts. These functions
satisfy the following system of linear integral equations
Nl(q
2) = Ul(q
2) +
∫ ∞
0
dq′2
pi
q2+µ2M
q′2+µ2M
Nl(q′2)ρl(q′2) (Ul(q′2)− Ul(q2))
q′2− q2 ,
Dl(q
2) = 1−
∫ ∞
0
dq′2
pi
q2+µ2M
q′2+µ2M
Nl(q′2)ρl(q′2)
q′2− q2− iε . (2.20)
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Previous, but somewhat different, N/D applications to the case of Yukawa interactions were
studied in [FK60,Lum64,CJ68].
In Fig. 2.5 we illustrate how the solution of the dispersion relation (2.15) with generalized
potential truncated at various orders converges to the exact one. In order to have a more quan-
titative analysis we compare the phase shifts instead of scattering amplitudes. In both attractive
and repulsive cases the third order of perturbative expansion of the generalized potential recov-
ers the exact phase shifts uniformly in energy. This is in contrast to standard Born series which
diverges in the threshold region (see Fig. 2.2). In Fig. 2.5 the bands display a variation of the
parameter Λ from 3µ to 9µ. One can see that the width of the band decreases systematically
with increasing perturbative order and at cubic order the bands have almost disappeared.
Note that in the case of the attraction there is a bound state in the system. In the solution
of the N/D equations (2.20) it appears as a zero in the Dl-function and consequently as a pole
in the scattering amplitude Tl . Strictly speaking this indicates that the solution obtained from
N/D (2.20) is not a solution of the dispersion relation (2.15), because the perturbative potential
does not have a pole contribution. However, if one includes the corresponding pole term to the
approximate potential,
g2B (q
2+µ2M)
(q2+ q2B) (q
2
B −µ2M) , (2.21)
the Eq. (2.15) is satisfied. It is straightforward to show that adding such a pole term to the set
of N/D equations (2.20) does not change the solution.
From Figs. 2.2 and 2.5 one can conclude that the constraints from analyticity and unitarity
allow us to improve significantly the Born approximation, especially in the nonperturbative
region.
2.1.2 Approximation for generalized potential
The case studied before is encouraging but a generalization to a more realistic situation would
be a desired next step. In most effective field theories, like χPT, the systematic perturbative
expansion can be performed only for small momentum. However, we stress that the N/D so-
lution requires the knowledge of the generalized potential above threshold q2 > 0 only. This,
together with the fact that by definition the potential is analytic in that region, makes it possible
to develop a controlled approximation.
We expect the scattering amplitude in the physical region to be affected largely by the closest
cuts. In this respect we split the generalized potential into two parts2,
U(q2) = Uinside(q
2) + Uoutside(q
2) , (2.22)
where Uinside(q2) is characterized by the nearest cuts, while Uoutside(q2) takes into account the
effects from the more distant cuts. The closest branch cuts arise from one or two particle
exchanges and can be evaluated explicitly in particular in χPT. In contrast, the discontinuities
across the more distant left-hand cuts arise from many-particle exchanges and most frequently
it is impossible to compute them.
2 Here and in the following we suppress the index l to ease the notations.
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Figure 2.6.: The conformal mapping q2 → ξ of Uoutside(q2) which analytic structure is shown on
the left. The branch point at q2 =−µ2 is determined by the second Born term.
In the considered cases it is natural to calculate explicitly the part of the first Born branch cut
from −µ2 < q2 <−µ2/4 which is closest to the physical region. The known discontinuity across
this cut and the Cauchy integral formula allow us to write,
Uinside(q
2) = g m
−µ24∫
−µ2
dq′2
q′2− q2
p
q′2+Λ2
4q′2 . (2.23)
while the outside potential will be associated with the cuts for q2 <−µ2.
If Uoutside(q2) is known around q2 = 0, we can analytically continue it onto q2 ∈ (0,∞) using
conformal mapping technique (see Appendix C for more details). The convergence radius of the
standard Taylor series in q2 is limited by the distance to the closest singularity at q2 = −µ2. In
order to go beyond and reconstruct the outside potential in the required region, we apply the
transformation
ξ(q2) =
µ−pq2+µ2
µ+
p
q2+µ2
, (2.24)
which maps the cut plane onto a unit circle around ξ= 0 as shown in Fig. 2.6. The generalized
potential is now approximated with
U(q2) = Uinside(q
2) +
∞∑
k=0
Ck

ξ(q2)
k
, (2.25)
where
Ck =
dkUoutside(q2(ξ))
k! dξk

ξ=0
. (2.26)
We stress that the knowledge of the first n derivatives of Uoutside(q2) at the expansion point
q2 = 0 is sufficient to calculate the n first coefficients of the ξ-expansion. By constructing the
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Figure 2.7.: S-wave phase shifts for g = 3
2
gc (left panel) and g = −32 gc (right panel). The bands
are caused by a variation of 3µ < Λ < 9µ. The solid curve follows with the exact
solution, while [N/Dξn] denotes the corresponding truncation of the ξ-expansion
(2.25).
conformal mapping (2.24, 2.25), we extend the radius of convergence of the standard power
series into the complete cut plane.
The convergence properties of the ξ-expansion (2.25) are illustrated in Fig. 2.7 for the cases
considered before. The conformal mapping technique is applied to the exact potential (2.15).
In Fig. 2.7 we observe a rapid convergence and already the first three or four terms describe the
exact phase shift very accurately. As in Fig. 2.5, the variation of the parameter Λ is reflected in
the width of the bands.
We conclude that the information on the analytic structure of the generalized potential allows
us to construct a controlled approximation (2.25) in application to realistic systems. In partic-
ular, the coefficients Ck can be calculated approximately within χPT or extracted directly from
experiment.
2.1.3 Expansion after renormalization
The cases considered before still do not fully reflect a typical situation of effective field theories
(EFTs). First of all, in EFTs the matching point cannot be chosen arbitrarily low as compared to
Yukawa toy model. The matching scale is usually limited from below by the nonperturbative t-
and u-channel effects. In order to take this into account we set µM = µ in the following. Sec-
ondly, realistic systems usually include short- and long-range forces. The short-range ones are
typically quite strong and nonperturbative while the long-range forces are week and perturba-
tive. For instance the pion-exchange potential, which is responsible for the long-range part of NN
interaction, has a coupling constant that is three times smaller than the critical value [EW88].
From another side there is often a strong short-range interaction which is crucial to produce
bound states or resonances. The short-range dynamics is not resolved by EFTs. They become
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Figure 2.8.: Left-hand panel: repulsive short-range and long-range forces. Right-hand panel:
repulsive short-range and attractive long-range forces. The thick solid curve denotes
the exact solution, while the thin one corresponds to renormalization (2.30). Here
the difference between these curves is invisible. The dashed and dash-dotted curves
follow with (2.30) and truncated long-range potential UL(q2) according to (2.25).
renormalized in order to satisfy the physical conditions. Thus, we separate the interaction into
short (S) and long-range (L) parts,
〈k′|V |k〉 = 〈k′|VL|k〉+ 〈k′|VS|k〉
=
gL
4 k′k log
(k+ k′)2+µ2L
(k− k′)2+µ2L +
gS
4 k′k log
(k+ k′)2+µ2S
(k− k′)2+µ2S , (2.27)
where µS  µL. Later on, we will renormalize the short-range interaction in order to get a
closer match with EFTs.
At first, we treat the strong short-range interaction exactly while the weak long-range part
is considered perturbatively. Starting from ordinary Lippmann-Schwinger equation (2.2) in a
compact matrix notation
t =

1− (VL + VS)G −1 VL + VS
one obtains
t = tS + (1+ tS G)VL
∞∑
n=0

(G+ G tS G)VL
n (1+ G tS) , (2.28)
where tS = VS + VS G tS is the corresponding t-matrix of the short-range potential VS only. An
important observation is that the left-hand cut begins at
q2 =−1
4
(nµL + kµS)
2 , (2.29)
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Figure 2.9.: Left-hand panel: attractive short- and repulsive long-range forces. Right-hand panel:
attractive short- and long-range forces. Notations are the same as in Fig. 2.8.
caused by n long-range potentials VL and k short-range structures tS. Thus in the limit µS →∞,
we can implement the physical renormalization condition
U(q2)' UL(q2) + CS (2.30)
with
CS = T (−µ2M)− UL(−µ2M) ,
at least in the region required in (2.20). In Eq.(2.30) the generalized potential UL(q2) is char-
acterized by the long-range interaction and was studied in the previous sections. The size of the
coupling constant gS can be used to dial the value of the scattering amplitude at the matching
point. This is nothing but the desired renormalization condition which we will insist on in the
following. Due to this condition one may view our scheme as an analytic continuation of the
scattering amplitude from the matching point further into the physical region.
For definiteness, we fix µS = 12µL such that the short-range potential can be considered as
pointlike in comparison with the long-range one. Moreover, we set
|gS|= 0.95 gc,S ' 0.80 µSm , (2.31)
which corresponds to a quite strong interaction but not enough to form a bound state in the
case of attraction. For the long-range potential we put gL = ±12 gcL. We note that the left-hand
cut caused by the sort-range potential can be further weakened by a choice of parameter Λ,
Λ =
1
2
µS , (2.32)
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two attractive Yukawa potentials
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are the same as in Fig. 2.8.
providing a smooth behavior at the leading branch point q2 = −µ2S/4. Any other choices result
in a logarithmic divergence at that point. In what follows we use (2.32) indicating a more rapid
realization of (2.30) as µS →∞.
We study various combinations of attractive and repulsive potentials. In Figs. 2.8 and 2.9 the
exact phase shifts are compared with approximate solutions implied by renormalization (2.30)
and ξ-expansion (2.25) of the long-range generalized potential UL(q2). The bands demonstrate
the accuracy of (2.30). For the repulsive short-range force the approximation (2.30) proves to
be very accurate while we notice small discrepancies for the attractive short-range force (thick
and thin solid curves in Figs. 2.8 and 2.9). In all considered cases already the second order
approximation (three terms) in the conformal mapping (2.25) is able to produce a reasonable
result.
Finally, we explore the system with two attractive potentials. The bound state is formed for
gL <−0.11 gcL. In Fig. 2.10 we plot the binding energy as a function of the long-range coupling
gL. We observe that already zeroth order in the conformal expansion describes the exact binding
energy quite accurately even for large coupling constants.
We conclude that the novel scheme based on the causality and unitarity constraints lead to
a systematic approximation that can be very useful for applications in effective field theories.
In the next two sections Goldstone-boson scattering and photon-fusion reactions will be consid-
ered. In application of this scheme we will unitarize and extrapolate subthreshold partial-wave
amplitudes, computed from the chiral Lagrangian (1.37, 1.40, 1.41), into the physical region.
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2.2 Goldstone-boson scattering
In this section we study Goldstone-boson scattering which is a subject of wide interest in
hadron physics [vBRM+86, WI90, JPHS95, Roy71, ACGL01, CGL01, BDGM04, GMKP+11]. In
recent years there was a major progress in the understanding of QCD at low energies in the
framework of chiral perturbation theory (χPT). A systematic expansion in terms of the me-
son momenta and masses perfectly describes the close-to-threshold region (usually
p
s < 0.5
GeV) [Wei79,GL84,KMSF95,BCE+96,BCE+97]. However, χPT faces problems in the resonance
region and an extension to somewhat larger energies is achieved by coupled-channel unitarity
techniques [OO97, BKM91, JOP00, GNP02]. The most noticeable computation has been done
in [GNP02], where the inverse amplitude method (IAM) based on the one-loop χPT amplitudes
was applied to produce s- and p-wave phase shifts below 1.2 GeV. At order O(Q4) the eight low
energy coupling constants were adjusted to reproduce the experimental data. This implies that
the lowest scalar and vector mesons with J P = 0+ and 1− are properly described by such an
approach.
As emphasized in Section 1.3, we expect that the nature of scalar and vector mesons is dif-
ferent. While scalar mesons, in analogy to axial vector mesons, can be generated dynamically
by the leading order terms of the chiral Lagrangian, the vector mesons are a consequence of
the subleading counter terms and we assume that they belong to the large Nc ground states of
QCD [LK04, LL08]. Therefore we keep vector mesons as explicit degrees of freedom and ex-
plore their dynamic role in the scattering of Goldstone bosons. Our starting point is the chiral
Lagrangian (1.37, 1.40, 1.41) given in Section 1.3. We remind that in our counting scheme
(see Subsection 1.3.3 and [TLL12]) the vector meson exchange processes appear at leading
order already. Based on this Lagrangian we perform coupled-channel calculations, where we
apply the novel unitarization scheme [GL10], discussed in the previous section for the case of
non-relativistic Yukawa interaction.
Though the result of [GNP02] is encouraging, there is a certain limitation of IAM if applied
to coupled-channel case. Usually the partial-wave scattering amplitudes possess not only right-
hand unitary cuts but also unphysical left-hand cuts in the complex s-plane. Their positions
depend on the channel and the exchange process. There is no universal branch point that
characterizes all coupled-channel amplitudes. Consequently, due to matrix inversion performed
in any algebraic method, there would be a mixture of the left-hand cuts of all involved channels.
Though these cuts are unphysical, they may have a significant effect in the physical region - in
particular when there are complicated overlapping cut structures or even anomalous threshold
effects. In contrast to IAM, we treat left-hand singularities carefully and preserve the correct
analytical structure of the reaction amplitudes.
2.2.1 Chiral Lagrangian
By expanding the leading order chiral Lagrangian (2.33), given in Subsection 1.3.4, in powers
of the Goldstone-boson fields and collecting the terms relevant in our case, we obtain
L =
1
48 f 2
tr
n
[Φ, ∂ µΦ]− [Φ, ∂µΦ]−+Φ4χ0
o
− i fV hP
8 f 2
tr
n
∂µΦΦ
µν ∂νΦ
o
, (2.33)
where we remind that vector mesons are written in terms of the antisymmetric tensor field
representation Φµν =−Φνµ. In the Goldstone-boson sector this representation provides a trans-
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parent resonance saturation mechanism for the Q4 counter terms [EGPdR89]. We emphasize
that the chiral Lagrangian (2.33) and therefore all the following results depend on two relevant
and known parameters only: the chiral limit value of the pion decay constant f ' 90 MeV and
the coupling fV hP that characterizes the decay of vector mesons into a pair of Goldstone bosons.
The latter was determined in [LL08,LL09] ,
fV hP ' 0.225± 0.023GeV , (2.34)
by analyzing two- and three-body decay properties of the light vector mesons at tree-level.
2.2.2 Isospin symmetry
In this thesis we assume an exact isospin symmetry everywhere. The SU(3) Goldstone boson Φ
and vector meson Φµν fields can be written in terms of their isospin symmetric components as
Φ =
∑
i
Φiλi = ~τ · ~pi(140) +α† · K(494) + K†(494) ·α+η(547)λ8 ,
Φµν =
∑
i
Φiµνλ
i = ~τ · ~ρµν(770) +α† · Kµν(892) + K†µν(892) ·α
+
r2
3
λ0+
1p
3
λ8

ωµν(782) +
 1p
3
λ0−
r
2
3
λ8

φµν(1020) ,
α† =
1p
2
(λ4+ iλ5, λ6+ iλ7) , ~τ= (λ1, λ2, λ3) , (2.35)
where η, K = (K+,K0)t and ~pi = (pi1, pi2, pi3) are the isospin singlet, doublet and triplet fields,
respectively. The numbers in braces indicate the approximate masses of pseudo-scalar and vec-
tor mesons. The explicit forms of the pion fields are
pi1 =
pi++pi−p
2
, pi2 = i
pi+−pi−p
2
, pi3 = pi
0 . (2.36)
The two-body scattering problem decouples into thirteen orthogonal channels specified by
isospin (I), G-parity (G), and strangeness (S) quantum numbers,
(IG,S) = (0,±2), (1,±2), (1
2
,±1), (3
2
,±1), (0±, 0), (1±, 0), (2,0) , (2.37)
listed in Table 2.1. In order to construct them, we couple two-body isospin multiplets and
perform an irreducible decomposition:
1⊗ 1= 0⊕ 1⊕ 2, 1⊗ 1
2
=
1
2
⊕ 3
2
, 1⊗ 0= 1, 1
2
⊗ 1
2
= 0⊕ 1 ,
1
2
⊗ 0= 1
2
, 0⊗ 0= 0 . (2.38)
For instance, the |pipi〉I=0 state is given by
1p
3
(piq · pip) = 1p
3

pi+q pi
−
p +pi
−
q pi
+
p +pi
0
qpi
0
p

, (2.39)
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Table 2.1.: The coupled-channel states (IG,S) characterized by isospin (I), (G)-parity, and
strangeness (S). The Pauli matrices σi act on isospin doublet fields K , K¯ with for
instance K = (K+,K0)t .
(0,−2) (1,−2) (1
2
,−1)
( 1p
2
K¯q iσ2K¯
t
p) (
1p
2
K¯q ~σ iσ2 K¯
t
p)
 ( 1p3 piq · ~σ iσ2 K¯ tp)
(K¯p iσ2ηq)

(3
2
,−1) (0+, 0) (0−, 0)
(piq · T iσ2 K¯ tp)

1p
3
(piq · pip)
1
2
(K¯q Kp + K¯p Kq)
(ηq ηp)
 12 (K¯q Kp − K¯p Kq)
(1+, 0) (1−, 0) (2+, 0) ( 1ip2 piq ×pip)
1
2
(K¯q ~σKp − K¯p ~σKq)

 (piq ηp)
1
2
(K¯q ~σKp + K¯p ~σKq)
 12 (piiqpi jp +pi jqpiip)− 13 δi j piq ·pip
(0,2) (1,2) (1
2
, 1)
( 1p
2
K tq iσ2Kp) (
1p
2
K tq σ2 i ~σKp)
 ( 1p3 piq · ~σKp)
(ηq Kp)

(3
2
, 1)
(piq · T Kp)
where the subscripts p and q correspond to the initial four-momenta of two particles in the
P(p) + P(q)→ P(p¯) + P(q¯) scattering. This result up to a common sign reproduces the answer
from standard Clebsch coefficients with the phase convention |pi+〉=−|1,1〉 [Gas83]. Note that
the isoscalar structures 1p
2
K¯q Kp and
1p
2
K¯p Kq are not G-parity eigenstates, and therefore two
new combinations were introduced,
1
2
(K¯q Kp + K¯p Kq) ,
1
2
(K¯q Kp − K¯p Kq) , (2.40)
with ±1 eigenvalues, respectively. The same idea also applies to the I = 1 channel. In order to
obtain states with negative strangeness, an antiparticle doublet is needed. The isospin symmetry
group SU(2) requires to define the kaon antiparticle doublet as
iσ2 K¯
t , (2.41)
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Figure 2.11.: Tree-level diagrams for Goldstone-boson scattering with the exchange of light vec-
tor mesons (dashed line) in the s-,t- and u-channels. p, q are the momenta of the
incoming mesons and p¯, q¯ are the momenta of the outgoing mesons.
with K¯ = (K−, K¯0). Moreover in Table 2.1, the (4× 2) matrices T j describe the transition from
isospin 1/2 to 3/2 states and are explicitly given by
T1 =

− 1p
2
0
0 − 1p
6
1p
6
0
0 1p
2
 , T2 =

ip
2
0
0 ip
6
ip
6
0
0 ip
2
 , T3 =

0 0Æ
2
3
0
0
Æ
2
3
0 0
 , (2.42)
with the normalization T T † = 1 and T †i T j = δi j − 13σiσ j.
In each of the isospin channels there are several meson-meson states coupled to each other. In
Table 2.1 we have specified the states which contain the most relevant meson-meson informa-
tion below 1.2 GeV. Here, we are neglecting multi-pion states which are only relevant for higher
energies. As well, we neglect PV and VV states (P and V generically denote pseudo-scalar and
light-vector mesons, respectively) which on account of the resonant nature of the vector states
would significantly contribute to the multi-pion states.
2.2.3 Partial-wave amplitudes
Using the Lagrangian (2.33), we calculate the P(p) + P(q) → P(p¯) + P(q¯) coupled-channel
scattering amplitudes. At tree-level, the amplitude takes the form
T (s, t,u) =
Cs
12 f 2
s+
Ct
12 f 2
t +
Cu
12 f 2
u+
Cpi
12 f 2
m2pi+
CK
12 f 2
m2K (2.43)
+
8∑
x=0
( fVhP)2
128 f 4
C (x)s−ch
s−m2x

(s+m22−m21)(s+ m¯22− m¯21) + 2 ( t −m22− m¯22) s

+
8∑
x=0
( fVhP)2
128 f 4
C (x)t−ch
t −m2x

( t +m22− m¯22)( t +m21− m¯21) + 2 (s−m22−m21) t

+
8∑
x=0
( fVhP)2
128 f 4
C (x)u−ch
u−m2x

(u+m22− m¯21)(u+ m¯22−m21) + 2 (t −m22− m¯22)u

,
where the coefficients C... are presented in Tables 2.2 and 2.3 with respect to the coupled-
channel states of Table 2.1. Note that we use a convention imposing the unitarity condition
for identical and non-identical two-particle isospin states to be the same (see below (2.51) and
31
Table 2.2.: The coefficients Cs, Ct , Cu, Cpi, CK and C
(x)
s−ch of the amplitude (2.43) that characterize
the contact and s-channel vector meson exchange contributions of the Goldstone-
boson scattering with respect to the coupled-channel states

IG,S

of Table 2.1. The
numbers in the column "ch = ab" correspond to the out-states (a) and in-states (b) of
Table 2.1.
IG,S

ch. Cs Ct Cu Cpi CK C
(ρ)
s−ch C
(K∗)
s−ch C
(ω)
s−ch C
(φ)
s−ch
(0,-2) 11 0 0 0 0 0 0 0 0 0
(1,-2) 11 -4 2 2 0 4 0 0 0 0
1
2
,−1 11 5 2 -7 2 2 0 -6 0 0
12 -3 6 -3 2 -2 0 -6 0 0
22 -3 6 -3 -2 6 0 -6 0 0
3
2
,−1 11 -4 2 2 2 2 0 0 0 0
(0+, 0) 11 8 -4 -4 10 0 0 0 0 0
12 2
p
3 -
p
3 -
p
3 2
p
3 2
p
3 0 0 0 0
13 0 0 0 2
p
3 0 0 0 0 0
22 6 -3 -3 0 12 0 0 0 0
23 6 -3 -3 -2 6 0 0 0 0
33 0 0 0 −14
3
32
3
0 0 0 0
(0−, 0) 11 0 9 -9 0 0 0 0 -4 -8
(1+, 0) 11 0 6 -6 0 0 -8 0 0 0
12 0 3
p
2 −3p2 0 0 −4p2 0 0 0
22 0 3 -3 0 0 -4 0 0 0
(1−, 0) 11 0 0 0 4 0 0 0 0 0
12 2
p
6 -
p
6 -
p
6 2
Æ
2
3
-2
Æ
2
3
0 0 0 0
22 4 -2 -2 0 8 0 0 0 0
(2+, 0) 11 -4 2 2 4 0 0 0 0 0
(2.52)). The tree-level scattering amplitude is given by the Weinberg-Tomozawa and the s-, t-
and u-channel vector meson exchange terms. In Fig. 2.11 the set of diagrams that we take into
account is depicted. The sums in (2.43) run over all members of the light vector nonet (1.28).
Partial-wave amplitudes are constructed by an average
TJ(s) =
∫ +1
−1
d cosθ
2

s
p¯cm pcm
J
T (s, t,u) PJ(cosθ) (2.44)
over the scattering angle θ in the center-of-mass frame. In Eq. (2.44) J denotes the total
angular momentum and pcm and p¯cm are the initial and final relative momenta, respectively. The
conventions we use for kinematics are given in Appendix D. The factor (s/p¯cm pcm)J in (2.44) is
required to avoid kinematical singularities at threshold and to arrive at a proper normalization
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Table 2.3.: The coefficients C (x)t−ch and C
(x)
u−ch of the amplitude (2.43) that characterize the t- and
u-channel vector meson exchange contributions of the Goldstone-boson scattering
with respect to the coupled-channel states

IG,S

of Table 2.1.
IG,S

ch. C (ρ)t−ch C
(K∗)
t−ch C
(ω)
t−ch C
(φ)
t−ch C
(ρ)
u−ch C
(K∗)
u−ch C
(ω)
u−ch C
(φ)
u−ch
(0,-2) 11 -3 0 1 2 -3 0 1 2
(1,-2) 11 1 0 1 2 -1 0 -1 -2
1
2
,−1 11 -8 0 0 0 0 2 0 0
12 0 0 0 0 0 -6 0 0
22 0 0 0 0 0 -6 0 0
3
2
,−1 11 4 0 0 0 0 -4 0 0
(0+, 0) 11 -8 0 0 0 8 0 0 0
12 0 -2
p
3 0 0 0 2
p
3 0 0
13 0 0 0 0 0 0 0 0
22 -3 0 -1 -2 3 0 1 2
23 0 -6 0 0 0 6 0 0
33 0 0 0 0 0 0 0 0
(0−, 0) 11 -3 0 -1 -2 -3 0 -1 -2
(1+, 0) 11 -4 0 0 0 -4 0 0 0
12 0 −2p2 0 0 0 −2p2 0 0
22 1 0 -1 -2 1 0 -1 -2
(1−, 0) 11 0 0 0 0 0 0 0 0
12 0 -2
p
6 0 0 0 2
p
6 0 0
22 1 0 -1 -2 -1 0 1 2
(2+, 0) 11 4 0 0 0 -4 0 0 0
of the partial-wave amplitudes. From (2.43) and (2.44) we obtain the following results3 for
J = 0,
TJ=0(s) =
Cs
12 f 2
s+
Cpi
12 f 2
m2pi+
CK
12 f 2
m2K
+
Ct
24 f 2

m21+m
2
2+ m¯1
2+ m¯22− s−
m22−m21
s

m¯22− m¯21

+
Cu
24 f 2

m21+m
2
2+ m¯1
2+ m¯22− s+
m22−m21
s

m¯22− m¯21

+
8∑
x=0
( fVhP)2C
(x)
t−ch
32 f 4
h(0)t (s) +
8∑
x=0
( fVhP)2C
(x)
u−ch
32 f 4
h(0)u (s) , (2.45)
3 Note that in what follows, meson-meson interactions are considered only for s- and p-waves. The result for the
d-wave amplitude is needed for the photon-fusion reactions, elaborated in Section 2.3.
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J = 1,
TJ=1(s) =
Ct
18 f 2
s− Cu
18 f 2
s+
8∑
x=0
( fVhP)2
96 f 4
C (x)s−ch
s−m2x s
2
+
8∑
x=0
( fVhP)2 C
(x)
t−ch
32 f 4
h(1)t (s) +
8∑
x=0
( fVhP)2 C
(x)
u−ch
32 f 4
h(1)u (s) , (2.46)
and J = 2,
TJ=2(s) =
8∑
x=0
( fVhP)2 C
(x)
t−ch
32 f 4
h(2)t (s) +
8∑
x=0
( fVhP)2 C
(x)
u−ch
32 f 4
h(2)u (s) , (2.47)
where the contributions from the t- and u-channel vector meson exchanges follow with
h(J)u (s) =
∫ +1
−1
sJ dx
8 (pcm p¯cm)J
1
u−m2x
h
(u+m22− m¯21)(u+ m¯22−m21)
+2(t −m22− m¯22)u
i
PJ(x) ,
h(J)t (s) =
∫ +1
−1
sJ dx
8 (pcm p¯cm)J
1
t −m2x
h
(t +m22− m¯22)(t +m21− m¯21) (2.48)
+2(s−m22−m21) t
i
PJ(x) ,
and
u =
1
2
h
m21+m
2
2+ m¯
2
1+ m¯
2
2− s+
m22−m21
s
(m¯22− m¯21)
i
− 2 x pcm p¯cm ,
t =
1
2
h
m21+m
2
2+ m¯
2
1+ m¯
2
2− s−
m22−m21
s
(m¯22− m¯21)
i
+ 2 x pcm p¯cm ,
p
s =
Æ
p2cm+m
2
1+
Æ
p2cm+m
2
2 =
Æ
p¯2cm+ m¯
2
1+
Æ
p¯2cm+ m¯
2
2 . (2.49)
We note that for identical bosons of spin zero the system must be symmetric or antisymmetric
under the interchange of the two particles. This depends on the angular momentum J and
implies additional selection rules. For instance, the allowed possibilities for two pions are: if
I = 0,2 (the isospin states are symmetric under interchange p↔ q) then J must be even, and if
I = 1 then J must be odd. In Table 2.4 a complete set of selection rules for the Goldstone-boson
scattering according to the isospin channels (IG,S) can be found.
2.2.4 Dynamics of coupled channels
The coupled-channel partial-wave amplitudes T Jab(s) will be determined in the same manner as
in our previous Section, namely as solutions of the non-linear integral equation
T Jab(s) = U
J
ab(s) +
∫ ∞
µ2thr
ds¯
pi
s−µ2M
s¯−µ2M
∆T Jab(s¯)
s¯− s− iε , (2.50)
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Table 2.4.: Selection rules for the Goldstone-boson scattering with respect to the coupled-
channel states (IG,S) of Table 2.1.
(0,−2) (1,−2) (1
2
,−1) (3
2
,−1) (0+, 0) (0−, 0) (1+, 0) (1−, 0) (2+, 0)
odd J even J
 any J
any J
 any J

even J
even J
even J
 odd J
 odd J
odd J

 any J
even J
 even J
which is generalized for the case of several coupled-channel states. The generalized potential,
U Jab(s), contains left-hand cuts only and a and b are the coupled-channel indices (in our case
pipi, KK etc.). Unitarity implies that the discontinuity along the right hand cut is given by4
∆T Jab(s) =
1
2i

T Jab(s+ iε)− T Jab(s− iε)

= Im T Jab(s) =
∑
c,d
T Jac(s)ρ
J
cd(s) T
J∗
db(s), (2.51)
where the phase-space function ρJcd(s) is a real diagonal matrix and the sum runs over the
various intermediate states. In our normalization, the phase space matrix
ρJcd(s) =
1
8pi

pcmp
s
2 J+1
Θ(s−µ2thr) δcd , (2.52)
p2cm =
(s− (m1+m2)2) (s− (m1−m2)2)
4 s
approaches a finite value in the high-energy limit. Combining (2.51) and (2.50) we obtain the
following non-linear integral equation
T Jab(s) = U
J
ab(s) +
∑
c,d
∫ ∞
µ2thr
ds¯
pi
s−µ2M
s¯−µ2M
T Jac(s¯)ρ
J
cd(s¯) T
J∗
db(s¯)
s¯− s− iε . (2.53)
The matching scale µ2M is identified with the smallest two-body threshold accessible in a sector
with given isospin, G-parity and strangeness (IG,S),
µ2M = (m1+m2)
2
min . (2.54)
For a given generalized potential U Jab(s) we use (2.53) to reconstruct the final partial-wave
scattering amplitudes T Jab(s) that would satisfy coupled-channel unitarity and micro-causality
conditions. However, the crossing symmetry constraint is not automatically fulfilled [GLP11].
We remind that in the case of exact crossing symmetry a crossed reaction can be uniquely recon-
structed from the direct reaction amplitude (for instance KK → pipi process relates to Kpi→ Kpi
4 Note that in pure χPT the unitarity can only be satisfied perturbatively, i.e. Im T2 = 0, Im T4 = T2ρ T2, ...,
where T = T2+ T4+ ... and T2 corresponds to order Q2.
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in s, t, u representation). In order to do that, one has to evaluate the direct reaction ampli-
tude at energies below the s-channel threshold. In this sense, the crossing symmetry is strongly
connected to left-hand cuts of the scattering amplitude. At first, now imagine that we approx-
imated the generalized potential at energies above the s-channel threshold only (a necessary
condition to solve (2.53)). Then from (2.53) the final scattering amplitude would also be valid
above threshold only and as a consequence we are not able to compute the crossed channel in
the physical region. The latter can be obtained by setting up the analogous dispersion relation
(2.53) for the crossed reaction. That means the crossing symmetry effects dominantly ampli-
tudes at subthreshold energies where we match our result with χPT. In turn, χPT satisfies the
exact crossing symmetry at any order of the expansion. In a second step, let us imagine that we
approximated the generalized potential at energies s ≥ Λ20, i.e. we included a small subthresh-
old region. The coincidence of the crossing transformed amplitudes and the amplitudes from
the crossed reaction in that specific subthreshold region defines the desired constraint. Note
that a non-empty coincidence region requires Λ20 to be sufficiently distinct from the s-channel
unitarity branch point. In our scheme a measure for the amount of crossing-symmetry violation
is the strength of non-perturbative contributions to the subthreshold scattering amplitudes.
The non-linear integral equation (2.53) may not have a solution at all or have (infinitely)
many solutions. In order to pick out the right one, we match the final amplitude with the result
of chiral perturbation theory:
T Jab(µ
2
M) = U
J
ab(µ
2
M) . (2.55)
As pointed above, this condition implies a significant suppression of a possible crossing violation.
In order to produce a solution of (2.53) the generalized potential is needed above threshold only
and its behavior has to be bounded asymptotically (some logarithmic structures). However in
χPT, partial-wave amplitudes are reliable in subthreshold region only and at high energy they
are basically polynomials in some powers of s. To overcome this difficulty we use the conformal
mapping technique described in Section 2.1 and in [GL10, DGL11a] (see also Appendix C for
more details). Based on the knowledge of U Jab(s) around an expansion point we can analytically
extrapolate the potential into the required region. The expansion point µ2ab,E should lie within
the region where U Jab(s) can be computed safely in χPT (2.43). We follow [GL10] and define
µE between the initial and final thresholds,
µE =
1
2
(m1+m2+ m¯1+ m¯2) . (2.56)
A standard Taylor series around µ2E converges in a small area, which is determined by the
location of the nearest left-hand singularity. In our case, the left-hand singularities nearest to
the physical region are defined by the two Goldstone boson t- and u-channel exchange processes.
In order to analytically continue the potential up to some cutoff scale Λ2s , we apply the conformal
map suggested in [GL10],
ξ(s) =
a (Λ2s − s)2− 1
(a− 2 b)(Λ2s − s)2+ 1 , a =
1
(Λ2s −µ2E)2
, b =
1
(Λ2s −Λ20)2
, (2.57)
where the parameter Λ20 is generally determined by the condition that the mapping domain
touches the nearest left-hand singularity. The numbers of Λ20 with respect to the coupled-channel
states of Table 2.1 can be found in Table 2.5.
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Table 2.5.: The positions of the nearest left-hand branch points to the physical region for
Goldstone-boson scattering, that are determined by the t - or u-channel exchange
of Goldstone boson pairs.
IG,S

ch. µ2E Λ
2
0 Description
(0,−2) 11 4m2K 4 (m2K −m2pi) t,u-ch (2pi)
(1,−2) 11 4m2K 4 (m2K −m2pi) t,u-ch (2pi)
1
2
,−1 11 (mpi+mK)2 m2K −m2pi t-ch (2pi)
12 1
4
(mpi+ 2mK +mη)2
m2ηmpi+m
3
K
mK+mpi
−mK mpi u-ch (piK)
22 (mK +mη)2
m2η+m
2
K − 2m2pi
+2
Æ
(m2η−m2pi)(m2K −m2pi)
t-ch (2pi)
3
2
,−1 11 (mpi+mK)2 m2K −m2pi t-ch (2pi)
(0+, 0) 11 4m2pi 0 t,u-ch (2pi)
12 (mpi+mK)2 0 t,u-ch (piK)
13 (mpi+mη)2 0 t,u-ch (piη)
22 4m2K 4 (m
2
K −m2pi) t,u-ch (2pi)
23 (mK +mη)2
(m2η−m2pi)((2m2K+m2pi)2−m2η)
(mK+mpi)2
t,u-ch (piK)
33 4m2η 4 (m
2
η−m2pi) t,u-ch (2pi)
(0−, 0) 11 4m2K 4 (m2K −m2pi) t,u-ch (2pi)
(1+, 0) 11 4m2pi 0 t,u-ch (2pi)
12 (mpi+mK)2 0 t,u-ch (piK)
22 4m2K 4 (m
2
K −m2pi) t-ch (2pi)
(1−, 0) 11 (mpi+mη)2 m2η−m2pi t-ch (2pi)
12 1
4
(mpi+ 2mK +mη)2
mK (m2η−m2pi)
mK+mpi
t,u-ch (piK)
22 4m2K 4 (m
2
K −m2pi) t,u-ch (2pi)
(2+, 0) 11 4m2pi 0 t,u-ch (2pi)
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4m2pi −m2ρ 0 4m2pi Λ2S
s
Figure 2.12.: Left-hand cut structure in the complex s-plane of the partial-wave two-pion scat-
tering amplitude. The branch point of the ρ-meson exchange is located at Λ20 =
4m2pi − m2ρ, while the two-pion exchange cut starts at Λ20 = 0. The dashed line
indicates the convergence region of the expansion (2.58).
Within this domain the generalized potential can be approximated by5
U(s) =
∞∑
k=0
ck ξ
k(s) for s < Λ2s , (2.58)
where the coefficient ck depends on the form of the conformal map (2.57) and the first k deriva-
tives of U(s) at µ2E (ξ(µ
2
E) = 0)
ck =
dkU(s(ξ))
k! dξk

ξ=0
. (2.59)
In our analysis the generalized potential U(s) at the expansion point is identified with the tree-
level partial-wave amplitude (2.45-2.47) computed from the chiral Lagrangian (2.33). The
input parameters are just the masses of the pseudo-scalar and vector mesons, f and fV hP .
We stress that the scattering amplitude truncated at any chiral order will contribute to the
generalized potential via its derivatives at the expansion point6. As a result, all left-hand cut
structures are ’integrated’ out systematically. The sensitivity to the expansion order of U(s) will
be shown in the results section.
With the help of (2.58) we approximated the generalized potential in the region Λ20 < s < Λ
2
s
(see Fig. 2.12). For energies s > Λ2s , we may simply cut off the integral in (2.53) at s¯ =
Λ2s . However, it is advantageous not to do so, since that would induce rapid variations of the
amplitudes close to and below s = Λ2s . While the precise form of the generalized potential
at s > Λ2s should not influence the reaction amplitudes in the target region, where we have a
controlled expansion, it is useful to minimize its residual influence on the target region. This is
the case if the outside potential is smoothly extended for s > Λ2s by a constant (see [GL10]). We
note that because of the specific form of ξ(s), namely ξ′(Λ2s ) = 0, this is a smooth procedure.
5 Here and in the following for notational convenience we suppress the J index. Where not needed we also do
not show the couple-channel indices a, b.
6 However if one computes the chiral amplitude at next-to-leading order (one loop) then it is natural to calculate
explicitly the contribution from the nearest cut (the so-called Uinside(s) part). See Subsection 2.1.2 and [GL10]
for more details.
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With the approximated generalized potential (2.58) it remains to solve (2.53) in the interested
isospin sectors. Based on N/D method [CM60] the partial-wave scattering amplitude can be
decomposed into the form
Tab(s) =
∑
c
D−1ac (s)Ncb(s) , (2.60)
where the contributions of left- and right-hand singularities are separated respectively into
Nab(s) and Dab(s) functions,
Nab(s) = Uab(s) +
∑
c,d
∫ ∞
µ2thr
ds¯
pi
s−µ2M
s¯−µ2M
Nac(s¯)ρcd(s¯) [Udb(s¯)− Udb(s)]
s¯− s ,
Dab(s) = δab −
∑
c
∫ ∞
µ2thr
ds¯
pi
s−µ2M
s¯−µ2M
Nac(s¯)ρcb(s¯)
s¯− s− iε . (2.61)
The system of linear equations (2.61) is nothing but a generalization of (2.20) to the relativistic
coupled-channel case.
Since in the p-wave scattering vector mesons show up as poles above the s-channel threshold
[OO99,SGBDV10], one Castillejo-Dalitz-Dyson pole (CDD) [CDD56] has to be included explicitly
in order to solve Eq.(2.53). In this case the coupled-channel unitarity is guaranteed with the
ansatz [GL10]
Dab(s) = δab − s−µ
2
M
s−M2CDD R
(D)
ab −
∑
c
∫ ∞
µ2thr
ds¯
pi
s−µ2M
s¯−µ2M
Nac(s¯)ρcb(s¯)
s¯− s− iε , (2.62)
where MCDD is a CDD pole mass parameter and R
(D) is a coupling matrix. In accordance with
(2.60) and (2.62) one can write the corresponding linear integral equation for Nab(s)
Nab(s) = U
eff
ab(s)−
s−µ2M
s−M2CDD
h
R(B)ab +
∑
c
R(D)ac U
eff
cb (s)
i
+
∑
c,d
∫ ∞
µ2thr
ds¯
pi
s−µ2M
s¯−µ2M
Nac(s¯)ρcd(s¯) [Ueffdb(s¯)− Ueffdb(s)]
s¯− s , (2.63)
with
Ueffab(s) = Uab(s) +
gam
2 gb
s−m2
s−µ2M
m2−µ2M ,
R(D)ab =
m2−M2CDD
m2−µ2M
δab −Re∑
c
∫ ∞
µ2thr
ds¯
pi
m2−µ2M
s¯−µ2M
Nac(s¯)ρcb(s¯)
s¯−m2− iε
 ,
R(B)ab =−
µ2M −M2CDD
(µ2M −m2)2 gam
2 gb −Re
∑
c,d
∫ ∞
µ2thr
ds¯
pi
s¯−M2CDD
s¯−µ2M
Nac(s¯)ρcd(s¯)
(s¯−m2− iε)2 gd m
2 gb
+(m2−M2CDD)Re
∑
c,d
∫ ∞
µ2thr
ds¯
pi
Nac(s¯)ρcd(s¯)Ueffdb(s¯)
(s¯−µ2M) (s¯−m2− iε) . (2.64)
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The merit of the ansatz (2.62, 2.63, 2.64) lies in its specification of the CDD pole parameters,
R(D) and R(B), in terms of the parameters ga and m, characterizing a possible pole term of the
generalized potential in the physical region. The coupling ga is completely fixed by the condition
that the effective potential Ueffab(s) is regular at s = m
2. From Eq.(2.46), one can determine
ga gb =−(mV hP)
2
96 f 4
m2
 
Cs−ch

ab . (2.65)
The numerical value of MCDD is irrelevant. By construction (2.60-2.64), the final scattering
amplitude does not depend on it.
The set of coupled-channel integral equations (2.61) can be solved numerically by the method
of matrix inversion. After solving the linear integral equation for Nab(s), we compute Dab(s) and
finally the partial-wave scattering amplitude is produced with (2.60). The N/D calculation with
a CDD pole can be performed in a similar way. The only difference is in solving the linear
equation for Nab(s) one has also simultaneously determine R
(D)
ab , R
(B)
ab matrices by (2.63, 2.64).
The elements Tab(s) of the partial-wave unitary scattering amplitude can be expressed in
terms of the phase shifts and the inelasticity. In the case of two coupled-channel states it holds
1+ 2 i T11ρ11 = η e
2 iδ1,
1+ 2 i T22ρ22 = η e
2 iδ2, (2.66)
2 i T12
p
ρ11ρ22 = η e
i (δ1+δ2) ,
where the phase-space function ρab is given in (2.52). In Eq.(2.66) δ1, δ2 are the phase shifts
for the a = b = 1 and a = b = 2 channels (for instance piK → piK and ηK → ηK in the
(IG,S) = (1
2
, 1) sector) and η is the inelasticity (η ≤ 1). Inelasticity is equal to unity when
elastic unitarity holds. From the above relations and the optical theorem, one has
δ1 =
1
2
Arg(1+ 2 i T11ρ11) ,
1−η2
4
= Im(T11)ρ11− |T11|2ρ11 , (2.67)
while in the one-channel case δ1 = Arg(T11). It is straightforward to generalize (2.66) to the
case of n coupled-channel states. We remind that expressions (2.66, 2.67) are given for a
particular choice of J and I . In the following the notation δI J for phase shifts will be used.
2.2.5 Numerical results
In this subsection we compare the evaluated phase shifts with the available experimental data.
The numerical results depend on the choice of different parameters. As noted before, we use
f = 90 MeV everywhere. Small variations around that value lead to very similar results. We
fix the cutoff parameter introduced in (2.57) to Λs = 1.6 GeV unless otherwise specified. The
dependence on Λs is rather soft and will be discussed later. The value of Λs sets the scale from
where on s-channel physics is integrated out. In our analysis the system is characterized further
by the order at which the conformal expansion (2.58) is truncated. Typically taking the first
few terms is sufficient to achieve a good approximation of the generalized potential. A large
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number of terms would be justified if the left-hand cut structures are modeled very accurately,
or a large number of counter terms are considered. If the experimental data were more accurate
and complete, one would try to fix the coefficients ck in (2.58) directly from the data set in a
model independent way. In our approach the chiral amplitude possesses t- and u-channel vector
meson exchange terms. The latter imply specific correlations of the expansion coefficients.
Channels J=1, (IG,S) = (0−, 0), (1+, 0), (1/2,1)
We start with the p-wave scattering, where one CDD pole structure is requested due to the
s-channel vector meson exchange process. Within our unitarization scheme we identify the
expressions of (1.38) with the mass parameter m in (2.64) and set it equals to the empirical
mass of vector mesons. The parameter fV hP , given in (2.34), has an uncertainty of ∼ 10%. We
determine
fVhP ' 0.23GeV (2.68)
as to obtain an accurate description of the (IG,S) = (1+, 0) and (I ,S) = (1
2
, 1) sectors which are
dominated by the s-channel ρ and K∗ exchanges. We conclude that the tree-level expressions for
the vector meson masses survive the unitarization. This justifies our procedure to use physical
vector meson masses in the driving expressions (2.43). In Figs. 2.13 and 2.14 we compare
the calculated p-wave phase shifts with experimental data. In both pipi and piK channels a
remarkable agreement with the data up to about 1.2 GeV is achieved. The positions of ρ and
K∗ mesons are well reproduced. Our results for J = 1 are insensitive to the choice of Λs and the
number of terms kept in (2.58). This is clearly seen in Figs. 2.13 and 2.14 (upper panels). The
inelasticities in these sectors are approximately equal to unity in the range
p
s < 1.2 GeV. This
is a consequence of a very small mixture of pipi with KK¯ and piK with ηK in I = 1 and I = 1/2
sectors, respectively.
Channels J=0, (IG,S) = (1/2,1), (3/2,1), (0+, 0), (1−, 0), (2+, 0)
We turn to study the s-wave scattering with isospins I = 1/2, 3/2, 0, 1, 2. Our results are
presented in Figs. 2.13 and 2.14. The sensitivity to the truncation order in the ξ-expansion
(2.58) is shown in Fig. 2.13. In all cases we observe a convergence and already the first four
terms reproduce the empirical data within the error bars from different experimental groups.
We conclude from this result that indeed the vector meson exchanges contributions provide a
quite accurate approximation for the leading coefficients in the conformal expansion (2.58).
In the isoscalar sector the coupled-channel dynamics are crucially important. Three different
channels, pipi, K K¯ and ηη contribute to our analysis. In Fig. 2.13 we show the pipi → pipi
and pipi→ K K¯7 phase shifts. The main features of the data have been recovered. However, the
f0(980) resonance structure is reproduced with some quantitative discrepancies. The inelasticity
in the pipi→ KK¯ reaction is somewhat underestimated, although the data sets are controversial.
The dependence of the scattering phases on a variation of Λs from 1.4 GeV to 1.8 GeV is
shown in Fig. 2.14. In all cases this causes a rather small error band, where with decreasing the
number of terms in the conformal expansion (2.58) the error bands decrease as well.
7 This is actually δpipi→pipi+δKK¯→KK¯ .
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Figure 2.13.: Phase shifts δI J (in degrees) as a function of energy. The dotted, dash-dotted,
dashed and solid lines correspond to a truncation in the expansion (2.58) at or-
der 0, 1, 2, 3 respectively. The data are taken from [PAGBG+73, EM74, MAC+71,
ECM+78, BDD+72, BBC+75, LCD+73, HPG+77, LCF+74, CAD+80, DBG+73, GHJ+74,
KLR97, BCK+08, CEP09, MO79, KLR02, HJW+73].
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Figure 2.14.: Phase shifts δI J (in degrees) as a function of energy. The various bands are implied
by a variation of the parameter Λs with 1.4 GeV (dashed line) < Λs < 1.8 GeV
(solid line). In (2.58) we used 4-term approximation. The data are taken from
[PAGBG+73, EM74, MAC+71, ECM+78, BDD+72, BBC+75, LCD+73, HPG+77, LCF+74,
CAD+80, DBG+73, GHJ+74, KLR97, BCK+08, CEP09, MO79, KLR02, HJW+73].
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Figure 2.15.: Modulus squared of the scattering amplitude |T11|2 with J = 0 and (IG,S) =
(1−, 0). The band is implied by a variation of parameter Λs with 1.4 GeV (dashed
line) < Λs < 1.8 GeV (solid line). In (2.58) we used a 4-term approximation.
We finally discuss the piη scattering in the (IG,S) = (1−, 0) sector. In contrast to the pipi
channel, there is no elastic piη scattering data available. Therefore in Fig. 2.15 we plot the
modulus squared of the scattering amplitude. We observe a peak around 1 GeV which can be
associated with the a0(980) resonance. The width is around 50 MeV. This result is consistent
with the empirical data [N+10], Ma0 = 980±10 MeV and ΓFulla0 = 50 to 100 MeV. It is important
to stress that the f0(980) and a0(980) resonances appear due to the introduction of the KK¯
channel in addition to pipi in I = 0 and piη in I = 1 sectors. They strongly couple to the
KK¯-channel and disappear if it is omitted.
Our results are in general agreement with analyses based on the Roy-Steiner equations
[ACGL01, CGL01, BDGM04]. Since in our approach we have no free parameters (the only
two relevant parameters, f = 90 MeV and fV hP = 0.23 GeV, were fixed before in [LL08])
we find this agreement very satisfactory. We conclude that with our approach we further con-
solidated the dynamical role of light vector-meson degrees of freedom. In the next section we
extend the analysis of Goldstone-boson scattering to the case of photon-fusion reactions.
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2.3 Photon-fusion reactions
We now turn to the case of photon-fusion reactions γγ→ PP (with PP = pi0pi0, pi+pi−, K0K¯0,
K+K−, ηη and pi0η), which is a subject to study in nonperturbative QCD [PMUW08, OR08,
GMM10,HPS11,MWZ+09]. Traditionally, chiral perturbation theory (χPT) is applied to describe
low-energy dynamics. The one- and two-loop calculations of the scattering amplitude were
performed in [BC88,DHL88] and [GIS05,GIS06], respectively. However, in χPT the systematic
expansion can be accomplished only in the close-to-threshold region and χPT cannot serve as
an appropriate framework in the resonance region, where exact coupled-channel unitarity plays
an important role. In the previous sections it was shown that in order to extend the validity of
χPT to higher energies one can use the constraints from micro-causality and coupled-channel
unitarity. The aim of the present section is to obtain a unified description of the reactions
γγ→ pi0pi0, pi+pi−, K0K¯0, K+K−, ηη and pi0η, using the same approach.
A key aspect of photon-fusion reactions is the creation mechanism of scalar (J PC = 0++) and
tensor (J PC = 2++) resonances. In particular, one finds the relatively narrow8 scalar states
f0(980) and a0(980) [OO98, PMUW08, MWZ+09]. In the present study we focus on energies
below
p
s = 1.2 GeV, where these resonances appear to dominate. In Section 2.2 both f0(980)
and a0(980) were dynamically generated within the novel unitarization approach from coupled-
channel PP → PP interactions. We remind that in the piη channel there is no elastic scattering
data. However, the piη channel can be populated by the inelastic photon-fusion reaction. We
will demonstrate in the following that the dynamical generation of a0(980) is in remarkable
agreement with the empirical data on γγ→ piη reaction.
An important ingredient of the coupled-channel PP → PP calculations performed in Section
2.2 is the chiral Lagrangian supplemented with light vector-meson degrees of freedom. The
latter appear there as exchange particles, but not as states in the coupled channels. However, at
higher energies in accordance with the hadrogenesis conjecture [LL08,LK04,TLL12], we expect
the tensor resonances f2(1270) and a2(1320) to be naturally generated within our approach
from vector-vector interactions. In principle, the partial-wave projection for reactions involving
vector mesons has been carried out in [LV12]. Nevertheless, in the present study we concentrate
on lower energies and consider scattering and rescattering of the type γγ→ PP and PP → PP,
respectively, but disregard PP ↔ VV, V P. The coupled-channel dynamics of VV type and
correspondingly the description of f2(1270) and a2(1320) resonances is beyond the scope of
the present thesis.
Concerning experiment, the study of photon-fusion processes γγ→ hh (h-hadron) is available
in e+e− colliders via the reaction e+e− → e+e− + hh [B+90, B+92, M+90, A+86, A+90, B+89,
A+85]. The Belle Collaboration has recently reported high-statistics data on γγ→ pi+pi−, pi0pi0,
piη [U+09b, M+07, U+09a] and the first measurement of ηη production [U+10]. The reaction
γγ→ pi0η is linked to the decay η→ pi0γγ by crossing symmetry. Recently, the invariant-mass
spectra of the two photons from this decay have been obtained at AGS [Pra07, P+08] and at
MAMI [Pra07,Unv10]. This information will allow us to adjust few unknown parameters which
show up in the interaction Lagrangian with two vector-meson fields.
8 compared e.g. with the ρ-meson
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2.3.1 Chiral interaction
We recall the leading-order chiral Lagrangian with explicit vector mesons (1.37, 1.40, 1.41) (see
Section 1.3). Expanding the building blocks in powers of the Goldstone-boson field, the relevant
part for the photon-fusion processes takes the simple form
L = −e
2
2
AµAµ tr

ΦQ

Φ, Q

−
	
+ i
e
2
Aµ tr

∂µΦ

Q, Φ

−
	− e fV ∂µAν trΦµν Q	
− i fV hP
8 f 2
tr

∂µΦΦ
µν ∂νΦ
	
+
e fV
8 f 2
∂µAν tr

Φµν

Φ,

Φ, Q

−

−
	
(2.69)
+
e fV hP
8 f 2
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,
where the Goldstone-boson field Φ, the vector-meson field Φµν , the charge matrix Q, and the
mass matrix χ0 are given in Eqs. (1.18), (1.28), (1.15) and (1.26), respectively. In principle, in
the hadrogenesis conjecture also the singlet eta field is part of the "quasi-fundamental" hadronic
degrees of freedom. It can be included in the flavour matrix of Φ in a straightforward way
[TLL12]. However, as discussed before, we do not include vector channels in our coupled-
channel approach. Consequently, we also do not include channels with the η′ which would
appear in the same energy regime. Vector mesons are important, nonetheless, as they contribute
as exchange particles to the coupled channels γγ and PP. On the other hand, this is not the
case for the η′. Consequently, here we have not considered the eta singlet explicitly in our
Lagrangian.
Finally, we shall discuss the coupling constants appearing in (2.69). Combining (2.68) with
the parameter set given in (1.43) we obtain:
fV = 0.140± 0.014 GeV , hA ' 2.10 , bA = 0.27 ,
hP fV = 0.23GeV , bD = 0.92 , f ' 0.90 GeV . (2.70)
The values of the other parameters g1−3, g5 and hO have not been determined so far. Assuming
that they are of natural size we will study in Subsection 2.3.4 the impact of variations of these
parameters on the photon-fusion processes and on the related decay η→ pi0γγ.
2.3.2 Invariant amplitudes and partial-wave decomposition
The T -matrix element for photon-fusion reactions is determined as

P(p¯) P(q¯)| T |A(k1,λ1)A(k2,λ2) = (2pi)4δ4(k1+ k2− p¯− q¯) Tµν εµ(k1,λ1)εν(k2,λ2)
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Table 2.6.: The coupled-channel states IG characterized by isospin I and G-parity G. The Pauli
matrices σi act on isospin-doublet fields K , K¯ with for instance K = (K+,K0)t . Note
that in particular the neutral (I3 = 0) two-pion state with isospin two is given by
1p
6
(2pi0ppi
0
q −pi+p pi−q −pi−p pi+q ).
0+ 1− 2+
(γγ)
1p
3
(piq · pip)
1
2
(K¯q Kp + K¯p Kq)
(ηq ηp)


(γγ)
(piq ηp)I3=0
1
2
(K¯q ~σKp + K¯p ~σKq)I3=0

 (γγ)1
2
(piiqpi
j
p +pi
j
qpi
i
p)− 13 δi j piq ·pip

I3=0

where k1,2, ε1,2 are the momenta and the polarization vectors of the incoming photons, respec-
tively, and p¯, q¯ are the momenta of the outgoing mesons.
In general, the two-body scattering problem decouples into orthogonal channels specified by
isospin, G-parity, parity and strangeness quantum numbers. For the case at hand, with two
photons in the initial state and two pseudoscalars in the final state, parity is always positive (see
below) and strangeness is always zero. In each of the channels, finally specified by isospin I and
G-parity G, there are several meson-meson states coupled to each other. In Table 2.6 we have
specified the states which contain the most relevant meson-meson information below 1.2 GeV.
This table extends the isospin table of two Goldstone boson scattering given in Section 2.2.4 by
the inclusion of two-photon states. As discussed before, we neglect PV and VV states which are
only relevant for higher energies.
Lorentz covariance and gauge invariance lead to a decomposition of the scattering amplitude
Tµν into Lorentz tensors Lµνi and invariant amplitudes Fi,
Tµν = F1(s, t,u) L
µν
1 + F2(s, t,u) L
µν
2 ,
Lµν1 = k
ν
1 k
µ
2 − (k1 · k2) gµν , (2.71)
Lµν2 = (∆
2 (k1 · k2)− 2 (k1 ·∆)(k2 ·∆)) gµν −∆2 kν1 kµ2 − 2(k1 · k2)∆µ∆ν
+2(k2 ·∆) kν1 ∆µ+ 2(k1 ·∆) kµ2 ∆ν ,
where ∆= p¯− q¯ and Tµν satisfies the Ward identities
k1µT
µν = k2νT
µν = 0 . (2.72)
The motivation for choosing these particular Lorentz structures is twofold. First, the corre-
sponding invariant amplitudes are independent and free of kinematical singularities or zeros.
Second, in order to simplify further calculations we have chosen the Lorentz tensors such that
the following property holds:
Lµν1 L2µν = 0 . (2.73)
The invariant amplitudes F1 and F2 are analytic functions of s, t and u except for dynamical
cuts. Furthermore, a t − u crossing symmetry is satisfied due to the Bose statistics of the two
photons.
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It is useful to introduce the helicity components of the scattering amplitude and decompose
each of them into their partial waves,
φ++ = T
µν εµ(k1,+1)εν(k2,+1) =
∑
even J≥0
(2J + 1) t(J)++ d
(J)
00 (cosθ) ,
φ+− = Tµν εµ(k1,+1)εν(k2,−1) =
∑
even J≥2
(2J + 1) t(J)+− d
(J)
20 (cosθ) , (2.74)
where d(J)
λ,λ¯
(cosθ) are Wigner rotation functions and θ is the center-of-mass scattering angle.
The polarization vectors of two photons in the center-of-mass frame can be found in Appendix
D. Note that the partial-wave expansion involves only even J ≥ λ and positive parity P =
+ [BLP82]. This constraint arises from the combination of Bose symmetry of the two initial
massless photons with the possible J , P quantum numbers of the two Goldstone bosons in the
final state.
The invariant amplitudes F1,2 can be expressed in terms of the helicity amplitudes φ++, φ+−,
F1
F2

=
 −2
s
0
0 1
2 s p¯2cm (x
2−1)
!
φ++
φ+−

, (2.75)
where p¯cm is the final center-of-mass relative momentum and x = cosθ . For unpolarized pho-
tons the differential cross section is given by
dσ
d cosθ
=
β
32pi s
1
4

2 |φ++|2+ 2 |φ+−|2

, (2.76)
where β = 2 p¯cm/
p
s. If two identical particles appear in the final state (neutral pions, for
instance) one has to include an additional factor of 1/2 in (2.76) or perform the integration
only over θ ∈ [0, pi/2].
According, to (2.74) the partial-wave helicity amplitudes t(J)++, t
(J)
+− can be computed in terms
of the invariant amplitudes F1,2 as
t(J)++(s) = −
∫
dx
4
s F1(s, x) d
(J)
00 (x) ,
t(J)+−(s) =
∫
dx
2
2 p¯2cm s

x2− 1 F2(s, x) d(J)20 (x) , (2.77)
with the help of the useful identities for the Wigner rotation functions [VMK88]
d(J)00 (x) = PJ(x) ,
d(J)20 (x) =
2 x P ′J(x)p
(J − 1) J (J + 1) (J + 2) −
r
J (J + 1)
(J − 1) (J + 2) PJ(x) . (2.78)
In order to avoid kinematical singularities and zeros in the partial-wave amplitudes at thresh-
old, we rescale (2.77) by a phase-space factor (pcm p¯cm)J ,
T (J)++ =
sJ
(pcm p¯cm)J
t(J)++ ,
T (J)+− =
sJ
(pcm p¯cm)J
t(J)+− , (2.79)
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Figure 2.16.: Tree-level diagrams for γγ → PP reactions with the exchange of pseudo-scalar
(solid line) and light vector (dashed line) mesons.
and also multiply by sJ to ensure a finite limit of the phase-space matrices at large energy.
The invariant amplitudes (2.71) computed from the chiral Lagrangian (2.69) read
F1 =
e2 CSG
2 s
− ∑
x∈[8]
e2 (m4x − t u)C (x)0
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where the sum runs over the octet of Goldstone bosons ([8]) or the vector-meson nonet ([9])
and mx ,y,z denotes their respective masses. The coefficients C... are presented in Tables 2.7, 2.8,
2.9, and 2.10 with respect to the coupled-channel states of Table 2.6. In Fig. 2.16 the set of
tree-level diagrams that gives nonzero contributions is depicted. We remind that for the isospin
states which contain identical particles (e.g. |pipi〉, |ηη〉, . . . ) we use a convention where the
unitarity condition for identical and non-identical two-particle states are the same.
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The conventions of Table 2.6 imply the following relations between scattering amplitudes in
isospin and particle bases,
Tγγ→pi+pi− = 2
 1p
3
T I=0γγ→pipi−
1p
6
T I=2γγ→pipi

,
Tγγ→pi0pi0 = 2
 1p
3
T I=0γγ→pipi+
r
2
3
T I=2γγ→pipi

,
Tγγ→pi0η =
p
2 T I=1γγ→piη , Tγγ→ηη = 2 T I=0γγ→ηη ,
Tγγ→K+K− = T I=0γγ→K K¯ + T
I=1
γγ→K K¯ ,
T
γγ→K0K¯0 = T
I=0
γγ→K K¯ − T I=1γγ→K K¯ , (2.81)
where the factor 2 reflects our normalization for two-body states with identical particles.
The partial-wave amplitudes obtained from (2.79, 2.77) and (2.80) at tree-level will serve as
an input for the nonperturbative coupled-channel calculations to which we turn next.
2.3.3 Dynamics of coupled channels
The partial-wave reaction amplitudes satisfy the dispersion-integral representation,
T Jab(s) = U
J
ab(s) +
∑
c,d
∫ ∞
µ2thr
ds¯
pi
s−µ2M
s¯−µ2M
T Jac(s¯)ρ
J
cd(s¯) T
J∗
db(s¯)
s¯− s− iε , (2.82)
where the phase-space matrix ρJcd(s) is diagonal in c and d. In (2.82) the coupled-channel
indices a and b run over the various channel γγ, pipi, KK¯ etc. While the hadronic part of the
phase-space matrix is given in (2.52), intermediate states with two photons are neglected in this
work. Numerically they are largely suppressed, being proportional to e4 at least. Therefore the
two-dimensional phase-space matrix for the two-photon states need not to be specified here.
Our approach satisfies the electromagnetic gauge-invariance constraint. This follows from the
on-shell condition for the generalized potential, for which we will construct a systematic approx-
imation in the following. The on-shell reaction amplitude will then be derived in application of
(2.82). Owing to the matching scale µM in (2.82) the nonperturbative coupled-channel calcu-
lation and the results from a perturbative application of the chiral Lagrangian smoothly connect
at s = µ2M . This is discussed in detail in Section 2.2 and [GL10]. Here, we identify µM with
the smallest two-body hadronic threshold value and thereby assume the applicability of χPT at
s = µ2M .
Following Sections 2.1 and 2.2 the generalized potential U Jab(s) is extrapolated to higher ener-
gies in a controlled manner by applying conformal mapping techniques. For the photon-fusion
processes the generalized potential is split into two contributions9,
U(s) = Uinside(s) + Uoutside(s) , (2.83)
where Uinside(s) contains the contributions from close-by left-hand cuts and Uoutside(s) the con-
tributions from far-distant left-hand cuts. While the former can be explicitly calculated from
9 In the following we do not display any more the angular-momentum superscript J explicitly. Where not needed
we also do not display the channel index ab.
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Table 2.7.: The coefficients CSG, C
(x)
0 and C
(x)
1 = 2C
(x)
hP
of the invariant amplitudes (2.80) with
respect to the coupled-channel states IG of Table 2.6. The numbers in the column
"ch = ab" correspond to the out-states (a) and in-states (b) of Table 2.6. Note, that
non-appearing ones are zero.
IG ch. CSG C
(pi)
0 C
(K)
0 C
(ρ)
1 C
(ω)
1 C
(φ)
1
0+ 21 − 8p
3
− 8p
3
0 16p
3
0 0
31 −4 0 −4 4 4
3
8
3
1− 31 −4 0 −4 4 4
3
8
3
2+ 21 4
Æ
2
3
4
Æ
2
3
0 −8Æ2
3
0 0
Table 2.8.: The coefficients C (x ,y,z)bAhA = C
(x ,y,z)
bAhO
. See the caption of Table 2.7 for more details.
C (x ,y,z)bAhA
IG ch. (ρ,ρ,ρ) (ρ,ρ,ω) (ρ,ρ,K∗)
(ρ,ω,ρ)
(ω,ρ,ω)
(ρ,ω,K∗)
(ω,ρ,K∗)
(ρ,φ,K∗)
(φ,ρ,K∗)
0+ 21 0
32m2pip
3
0 0 0 0
31 0 0 32m2K 0 0 0
41
32m2pi
3
0 0 0 0 0
1− 21 0 0 0 32
3
Æ
2
3
m2pi 0 0
31 0 0 0 0
16m2K
3
−32m2K
3
2+ 21 0 32
Æ
2
3
m2pi 0 0 0 0
(ω,ω,ρ) (ω,ω,ω) (ω,ω,K∗)
(ω,φ,K∗)
(φ,ω,K∗)
(φ,φ,K∗) (φ,φ,φ)
0+ 21
32m2pi
3
p
3
0 0 0 0 0
31 0 0
16m2K
9
−32m2K
9
64m2K
9
0
41 0
32m2pi
27
0 0 0 32
27
(16m2K − 8m2pi)
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Table 2.9.: The coefficients C (x ,y,z)bA and C
(x ,y,z)
hA
= C (x ,y,z)hO . See the caption of Table 2.7 for more
details.
C (x ,y,z)bA
IG ch. (ρ,ρ,ρ) (ρ,ρ,ω) (ρ,ρ,K∗)
(ρ,ω,ρ)
(ω,ρ,ω)
(ρ,ω,K∗)
(ω,ρ,K∗)
(ρ,φ,K∗)
(φ,ρ,K∗)
0+ 21 0
64m4pip
3
0 0 0 0
31 0 0 32m4K 0 0 0
41
64m4pi
3
0 0 0 0 0
1− 21 0 0 0 64
3
Æ
2
3
m4pi 0 0
31 0 0 0 0
32m4K
3
−64m4K
3
2+ 21 0 64
Æ
2
3
m4pi 0 0 0 0
(ω,ω,ρ) (ω,ω,ω) (ω,ω,K∗)
(ω,φ,K∗)
(φ,ω,K∗)
(φ,φ,K∗) (φ,φ,φ)
0+ 21
64m4pi
3
p
3
0 0 0 0 0
31 0 0
32m4K
9
−64m4K
9
128m4K
9
0
41 0
64m4pi
27
0 0 0
64
27
(32m4K−
32m2pim
2
K + 8m
4
pi)
C (x ,y,z)hA
IG ch. (ρ,ρ,ρ) (ρ,ρ,ω) (ρ,ρ,K∗)
(ρ,ω,ρ)
(ω,ρ,ω)
(ρ,ω,K∗)
(ω,ρ,K∗)
(ρ,φ,K∗)
(φ,ρ,K∗)
0+ 21 0 16p
3
0 0 0 0
31 0 0 8 0 0 0
41 16
3
0 0 0 0 0
1− 21 0 0 0 16
3
Æ
2
3
0 0
31 0 0 0 0 8
3
−16
3
2+ 21 0 16
Æ
2
3
0 0 0 0
(ω,ω,ρ) (ω,ω,ω) (ω,ω,K∗)
(ω,φ,K∗)
(φ,ω,K∗)
(φ,φ,K∗) (φ,φ,φ)
0+ 21 16
3
p
3
0 0 0 0 0
31 0 0 8
9
−16
9
32
9
0
41 0 16
27
0 0 0 128
27
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Table 2.10.: The coefficients C (x ,y)g1 , C
(x ,y)
g2
, C (x ,y)g3 , C
(x ,y)
g5
and C (x ,y)bD . See the caption of Table 2.7
for more details.
IG ch. (ρ,ρ)
(ρ,ω)
(ω,ρ)
(ρ,φ)
(φ,ρ)
(ω,ω)
(ω,φ)
(φ,ω)
(φ,φ)
C (x ,y)g1
0+ 21 16p
3
0 0 16
3
p
3
0 0
31 8 0 0 8
9
−16
9
32
9
41 16/3 0 0 16
27
0 128
27
1− 21 0 16
3
Æ
2
3
0 0 0 0
31 0 8
3
−16
3
0 0 0
2+ 21 16
Æ
2
3
0 0 0 0 0
C (x ,y)g2
0+ 21 32p
3
0 0 0 0 0
31 8 0 0 8
9
16
9
32
9
1− 31 0 8
3
16
3
0 0 0
2+ 21 −16Æ2
3
0 0 0 0 0
C (x ,y)g3
0+ 21 4
p
3 0 0 4
3
p
3
0 0
31 4 0 0 4
9
0 16
9
41 4
3
0 0 4
27
0 32
27
1− 21 0 4
3
Æ
2
3
0 0 0 0
31 0 4
3
0 0 0 0
C (x ,y)g5
0+ 21 − 8p
3
0 0 0 0 0
31 -2 0 0 −2
9
−4
9
−8
9
1− 31 0 −2
3
−4
3
0 0 0
2+ 21 4
Æ
2
3
0 0 0 0 0
C (x ,y)bD
0+ 21 32
p
3m2pi 0 0
32
3
p
3
m2pi 0 0
31 32m2K 0 0
32
9
m2K 0
128
9
m2K
41 32
3
m2pi 0 0
32
27
m2pi 0
32
27

16m2K − 8m2pi

1− 21 0 32
3
Æ
2
3
m2pi 0 0 0 0
31 0 32
3
m2K 0 0 0 0
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−(m2ρ−m2pi)2
m2ρ
s −9m2pi4
4m2pi Λ2S
Figure 2.17.: Left-hand cut structure in the complex s-plane of the γγ → pipi partial-wave am-
plitude. The branch point of the ρ-meson exchange is located at Λ20 = −(m2ρ −
m2pi)
2/m2ρ, while one- and two-pion exchange cuts start at Λ
2
0 = 0, −9m2pi/4,
respectively. The dashed line identifies the convergence region of the conformal
expansion (2.84).
the chiral Lagrangian in a perturbative application, the latter reflect short distance physics
that needs to be parameterized systematically and efficiently. For the specific example reac-
tion γγ → pipi the separation of "inside" and "outside" is implied by the dashed line in Fig.
2.17.
The outside potential is approximated in the same manner as in Section 2.2. The power series
in a conformal variable ξ(s) is constructed such as to ensure convergence for any value of s
inside the area bounded by the dashed line of Fig. 2.17,
Uoutside(s) =
n∑
k=0
ck ξ
k(s) for s < Λ2s , (2.84)
where the coefficients ck are uniquely determined by the first k derivatives of Uoutside(s) at the
expansion point s = µ2E. We identify this expansion point with the mean of the initial and the
final thresholds. The form of the function ξ(s) is the same as in (2.57). It is uniquely determined
by the positions of the closest left-hand branch point Λ20, the expansion point µ
2
E and the upper
limit of the convergence region Λ2s (see Fig. 2.17). The quantities µ
2
E and Λ
2
0 are collected in
Table 2.11 for the isospin states of Table 2.6.
To be specific, the "inside" part of the potential receives contributions from the one-pion
(kaon) exchange processes only. We evaluate the contributions from the cuts starting from
−9m
2
pi
4
< s < 0 for γγ→ pipi ,
−m2pi
(mpi+ 2mK)2
(mpi+mK)2
< s < 0 for γγ→ KK¯ , (2.85)
following the procedure outlined in Appendix B of [GL10]. According to Table 2.7 there are
no more cases to be considered. The coefficients ck in the outside part of the potential are
computed by evaluating the first n derivatives of the partial-wave amplitudes as determined via
(2.77, 2.78) by the tree-level result (2.80).
Via (2.83) we obtain an approximated generalized potential for energies Λ20 < s < Λ
2
s . While
the inside part of the potential is defined for s > Λ2s also, the outside part is undefined for
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Table 2.11.: The positions of the closest left-hand branch points of Uoutside(s) for γγ→ PP that
are determined by the t - and u-channel exchange processes. The numbers in the
column "ch.=ab" correspond to the out-states (a) and in-states (b) of Table 2.6.
IG ch. µ2E µ
2
M Λ
2
0 Description
0+ 21 m2pi 4m
2
pi −9m
2
pi
4
t,u-ch (2pi)
31 m2K 4m
2
pi −m
2
pi (mpi+2mK )
2
(mpi+mK )2
t,u-ch (piK)
41 m2η 4m
2
pi 0 t,u-ch (2pi)
1− 21 1
4
(mpi+mη)2 (mpi+mη)2
3
4
(m2η− 4m2pi) t,u-ch (2pi)
31 m2K (mpi+mη)
2 −m2pi (mpi+2mK )2
(mpi+mK )2
t,u-ch (piK)
2+ 21 m2pi 4m
2
pi −9m
2
pi
4
t,u-ch (2pi)
s > Λ2s by (2.84). For energies larger than the cutoff scale Λ
2
s the outside potential is set to a
constant [GL10]. We remind that due to the particular form of the conformal map (2.57), the
outside potential and its derivative are continuous at s = Λ2s .
Following the results of Section 2.2, we choose n= 3 in (2.84) and Λs = 1.6GeV. The variation
of the parameter Λs in the range 1.4 GeV to 1.8 GeV is small and will be shown later.
A crucial observation behind our summation scheme is the fact that the computation of the
partial-wave scattering amplitude from (2.82) at energies larger than threshold also requires
only the knowledge of the generalized potential at energies larger than threshold. More gener-
ally, depending on where we want to compute the partial-wave scattering amplitudes, it suffices
to construct a controlled approximation of the generalized potential in a specific region of the
complex plane only. This is always achieved with (2.83, 2.84) and the desired solution of (2.82)
can be found by the N/D ansatz [CM60] (see Section 2.2 for more details).
2.3.4 Results and discussions
In this section we present our results for the cross sections10 of the reactions γγ→ pi0pi0, pi+pi−,
K0K¯0, K+K−, ηη and pi0η, evaluated with the J = 0,2 partial-wave amplitudes. We have
checked that the contributions from the higher partial waves are negligible in the energy rangep
s < 1.2 GeV.
We use the set of parameters given in (2.70) for all the numerical results. However, the
remaining five parameters g1, g2, g3, g5 and hO have to be determined. Our strategy is to use
10 Usually the experimental results are limited to a range of |x | ≤ Z with x = cosθ . In this case the cross section
is given by σ = 2
Z∫
0
dσ
dx
dx .
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the empirical data on the reactions γγ→ pi0pi0, pi+pi− and pi0η and in addition the differential
and integrated data for the decay η→ pi0γγ. The results for the cross sections of the reactions
γγ→ K0K¯0, K+K− and ηη are then pure predictions.
On account of crossing symmetry, the decay amplitude for η→ pi0γγ can be easily obtained
from γγ→ pi0η by considering pi0 and photons as outgoing particles. To get the decay amplitude
it is enough to replace
s = (k1+ k2)
2→ (k¯1+ k¯2)2 = M2γγ ,
t = (p− k1)2→ (ppi+ k¯1)2 = M2γ1pi , (2.86)
u = (p− k2)2→ (ppi+ k¯2)2 = M2γ2pi ,
in the invariant amplitudes (2.80). The differential decay rate is given by [N+10]
dΓ =
1
(2pi)3
1
32m3η
∑
pol
|Tη→pi0γγ|2 dM2γγ dM2γ2pi , (2.87)
where the phase-space boundaries are
0 ≤ M2γγ ≤ (mη−mpi)2 ,
(M2γ2pi)min ≤ M2γ2pi ≤ (M2γ2pi)max , (2.88)
with
(M2γ2pi)min = (E
∗
γ + E
∗
pi)
2−

E∗γ +
p
E∗2pi −m2pi
2
,
(M2γ2pi)max = (E
∗
γ + E
∗
pi)
2−

E∗γ −
p
E∗2pi −m2pi
2
.
Here, E∗γ = Mγγ/2 and E∗pi = (m2η−M2γγ−m2pi)/2Mγγ are the energies of photon and pion, respec-
tively, in the rest frame of the two-photon system. For the integrated partial decay width one has
to include the degeneracy factor of 1/2 to account for the fact that one has two indistinguishable
photons in the final state. To obtain the decay amplitude we use directly the tree-level result
(2.80). Since we are here in the low-energy decay region, we assume that coupled-channel
effects are less important. For the reaction amplitudes we use, of course, the full rescattering
formalism outlined in the previous section.
In a first step, we use the reaction data of γγ → pi0pi0, pi+pi− and pi0η to correlate the five
free parameters. Having matched the data with the coupled-channel calculations leads to the
following relations:
g1 = 0.900− 0.200 g3+ 0.038h2O + 0.128hO ,
g2 = −1.50− 0.27 g3+ 0.25 g5 . (2.89)
This leaves us with three free parameters. If they are varied within the range g3, g5, hO ∈ [−5,5]
one obtains the cross sections depicted in Fig. 2.18. A detailed discussion of the cross sections
will be given below. To get a feeling for the influence of the five parameters we also provide the
cross sections for the case where all these five parameters are put to zero, see the dashed lines
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Figure 2.18.: Total cross sections for γγ→ pi+pi− with | cosθ | < 0.6 (top left), γγ→ pi0pi0 with
| cosθ | < 0.8 (top right) and γγ → pi0η with | cosθ | < 0.9 (bottom). A variation
of parameters g3, g5, hO ∈ [−5,5] using (2.89) is reflected by the various bands.
The dashed curves correspond to the case of gi = hO = 0. The data are taken
from [M+90, U+09b, B+90, B+92, M+07, A+86, U+09a].
in Fig. 2.18. Obviously, one would significantly underestimate the data in both neutral channels
pi0pi0 and pi0η without the parameters gi and hO. Note, however, that the qualitative structure
does not depend so much on these parameters.
We continue with a determination of the remaining parameters using the existing data on
η → pi0γγ decay. The present experimental status for η → pi0γγ decay is the following: The
Particle Data Group [N+10] gives the branching ratio Γη→pi0γγ/Γη = (2.7±0.5)·10−4 and the full
width Γη = (1.30±0.07)keV. This results in a partial decay width of Γη→pi0γγ ≈ (0.35±0.09)eV.
Theoretical studies have been performed in [ABBC92,OPR03,OPR08].
For the decay η→ pi0γγ three of the yet undetermined parameters contribute, namely g1, g3
and hO. Using the relation (2.89) for g1, we adjust g3 and hO to the partial decay width and to
the two-photon invariant-mass distribution depicted in Fig. 2.19. In this way, we find
g3 =−4.88 , hO = 3.27 , (2.90)
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Figure 2.19.: The result for dΓ(η→ pi0γγ)/dM2γγ compared to the data from [Pra07,P+08,Lal10].
Parameters are chosen according to (2.89) and (2.90). Note that the parameters
g2 and g5 do not contribute to this decay.
which implies g1 = 2.70 and g2 =−0.18+ 0.25 g5. The fit yields
Γη→pi0γγ = 0.310eV (2.91)
for the integrated partial decay width, in good agreement with the experimental value.
We have determined four of our five free parameters. In the following we will show results
where the remaining free parameter g5 is varied in the range g5 ∈ [−5,5]. Note that the
achieved determination of the parameters is also crucial for the possible future investigations.
Originally all these parameters concern interactions between two vector mesons and an odd (hO)
or even (gi, i = 1,2,3, 5) number of Goldstone bosons. In the future one can explore also the
importance of vector-meson channels for the coupled-channel problems (cf. the corresponding
discussion in the beginning of this section and [LV12]). There the coupling constants hO and
gi enter directly and mediate, e.g., the transition from two vector to two pseudo-scalar mesons.
For the following reason these coupling constants are also important for our case at hand, in
spite of the fact that we do not consider the vector-meson channels: The neutral vector mesons
couple directly to photons; see also Fig. 2.16. Therefore, the coupling constants hO and gi enter
also the transition amplitudes from two photons to two pseudoscalars. In turn, data on such
interactions between hadrons and electromagnetism can be used to constrain purely hadronic
coupling constants. This resembles the determination of hA from the decay ω→ γpi0 in [LL08].
Note, however, that in our formalism this line of reasoning does not lead automatically to strict
vector-meson dominance, but rather to an improved version thereof [TL10,TLL12].
We now turn to a detailed discussion of the various two-meson channels populated by pho-
ton fusion. The first highlight is the pi0η channel depicted in Fig. 2.20. Here our formalism
shows a dynamically generated scalar-isovector resonance which is in full quantitative agree-
ment with the experimental data; see also [OO97,OO98,DMOR11] where similar findings have
been reported. In our approach we find that this a0(980) resonance coincides with the two-kaon
threshold and emerges from rescattering and coupled-channel effects between pi0η and KK¯ . We
compare our full coupled-channel result with a pure tree-level calculation based on (2.80). The
latter is also depicted in Fig. 2.20 and, of course, does not show a resonance shape, in obvious
disagreement with the experimental data. We stress again that according to the hadrogenesis
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Figure 2.20.: Total cross sections for γγ→ pi0η using (2.89), (2.90) together with g5 ∈ [−5,5].
The full result is shown on the left and the tree-level result on the right. The tree-
level result does not depend on g5. Also the dependence of the full result on g5 is
very weak. It is caused by the cross-channel effect γγ→ KK¯ → pi0η. See the figure
caption of Fig. 2.18 for more details.
conjecture [LK01, LK04, LKK04, LK05, LS08, LL08, TLL12] the low-lying scalar resonances are
supposed to be generated dynamically. A realization of this suggestion is seen in Fig. 2.20. We
recall from our previous discussion about Fig. 2.18 that the location of the resonance does not
depend on the choice of the coupling constants gi and hO. Only the height of the curve is sensi-
tive to these parameters. This provides confidence in the robustness of our interpretation of the
lowest-lying scalar-isovector resonance.
The cross sections for the two-pion channels are depicted in Fig. 2.21. Obviously both chan-
nels pi+pi− and pi0pi0 are well described up to energies of about ps ≈ 0.9GeV. Then our cal-
culations show a distinct peak, most pronounced in the neutral channel. After this peak our
theory curves decrease while the data continue to rise. Two issues need to be disentangled here,
namely the location of the f0(980) in the s-wave and the rise towards the tensor mesons in the
d-wave. To do this, we compare our results also to the partial-wave analysis of [PMUW08] as
shown in Fig. 2.22. For the d-waves (bottom panels) we observe reasonable agreement up the
point in energy where the peak from the isoscalar tensor meson starts out. As already stressed
in the introduction we expect that in the spirit of the hadrogenesis conjecture this peak will be
generated by vector-vector channels. But since this is beyond the present work we cannot expect
to obtain a reasonable description of the d-wave beyond about 0.9 GeV. Below this energy the
agreement is very satisfying. Turning to the s-wave, we observe also good agreement for isospin
I = 2 (top right panel in Fig. 2.22). For the isoscalar channel (top left) some disagreement with
the results of [PMUW08] is observed. Most notably our peak for the f0(980) is slightly shifted
to lower energies, i.e. this dynamically generated scalar-isoscalar state is somewhat overbound
in our approach. This has already been observed in Section 2.2 (see Fig. 2.13). Whether this
is due to higher-order effects in the scattering kernel or due to missing vector-vector channels
remains to be seen.
For the energy range below 0.9 GeV we deduce from Fig. 2.21 that we have obtained an
overall good description of the reaction data. This is completely in line with the complementary
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Figure 2.21.: Total cross sections for the reactions γγ → pi+pi− (left) and γγ → pi0pi0 (right)
using (2.89) and (2.90). The variation of g5 ∈ [−5,5] is indicated by the bands.
For the charged pions (left) the s-wave (long-dashed) and d-wave (short-dashed)
are shown separately. See the figure caption of Fig. 2.18 for more details.
information contained in the pion phase shifts as addressed in Section 2.2.4. In Fig. 2.23 we
compare our calculations to the results from chiral perturbation theory (χPT) [BC88, DHL88,
GIS05, GIS06]. We observe a satisfying agreement. Note that even without vector mesons our
calculations contain multi-loop diagrams by the achieved resummation in the s-channel. On
the other hand, our calculation does not contain all one-loop diagrams in the t- and u-channel
which enter χPT at next-to-leading order. In view of these differences one can be satisfied with
the agreement and conclude that the numerically most important corrections from the χPT
point of view are included in our approach. At larger energies pure χPT stops working and
resummations must be incorporated in one or the other way [OO97, OO98, GNP02, DGL11b,
DL12].
Finally, we show in Fig. 2.24 the result of a tree-level calculation based on our amplitudes
(2.80). Obviously the charged-pion channel is fairly insensitive to rescattering effects, i.e. to
a large extent dominated by the one-pion exchange, which is responsible for the steep rise of
the cross section at low energies. The neutral-pion channel, however, which does not have the
corresponding one-pion exchange, is dominated by loop/rescattering effects. In this channel the
tree-level calculation fails already at low energies.
While the previously discussed channels have been used to some extent to fix our free param-
eters, the channels which we discuss in the following are pure predictions. Unfortunately, the
data situation is rather poor in all three channels γγ → K+K−, K0K¯0 and ηη, but we will see
that it is a non-trivial task to match the available data points. We restrict ourselves to the energy
region close to threshold, i.e. to
p
s ≤ 1.2GeV. There, we expect the s-wave to dominate, such
that we do need to worry about the tensor mesons.
The reaction γγ → K+K− is depicted in the top left panel of Fig. 2.25. Other theory ap-
proaches have been reported in [OO98, AS11, LYZ99]. Unfortunately there is only one data
point with a large energy uncertainty in the considered energy interval. Nonetheless, this data
point is significantly lower than generic tree-level calculations. For comparison we show two
types of such tree-level calculations. The dashed line is obtained if our Lagrangian is used di-
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Figure 2.22.: Comparison of our results (solid lines) with the results of [PMUW08] for s-wave (top
panels) and d-waves (bottom panels) and for different isospin (left panels: I = 0;
right panels: I = 2). The subscript for the d-waves denotes the helicity. A variation
of g5 ∈ [−5,5] is indicated by the bands. According to [PMUW08] two solutions
have been obtained: solution A (dashed) is favored by a χ2 fit, while solution B
(dotted) is at the edge of acceptability.
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Figure 2.23.: Comparison of our results (full lines) to the calculations from chiral perturbation
theory (χPT) and to data. The dashed lines denote the next-to-next-to-leading-
order calculations. The dotted lines denote the respective lowest-order non-trivial
χPT result, which is leading order for the charged case and next-to-leading order
for the neutral case. A variation of g5 ∈ [−5,5] is indicated by the band. See also
the figure caption of Fig. 2.18 for more details.
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Figure 2.24.: Comparison of tree-level calculations to the full results and to data. Tree-level cal-
culations are depicted by dashed lines. A variation of g5 ∈ [−5,5] is indicated by
the bands. See also the figure caption of Fig. 2.18 for more details.
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Figure 2.25.: Theoretical predictions for γγ → K+K−, K0K¯0 and ηη total cross sections. A
variation of g5 ∈ [−5,5] is indicated by the bands. Tree-level calculations are
depicted by dashed lines. For the charged-kaon case a pure Born-term calcu-
lation (one-kaon exchange) is shown by the dotted curve. The data are taken
from [A+90, B+89, A+85, U+10].
rectly for the amplitude and not for the potential of the full coupled-channel calculation. An
alternative tree-level approach is to use just the kaon-exchange Born diagrams. We recall that
the corresponding pion-exchange Born diagrams are very significant for the low-energy part of
the reaction γγ → pi+pi− (the χPT-LO curve of Fig. 2.23). For the kaon case the situation is
obviously different. While tree-level calculations fail to reproduce even the close-to-threshold
data, our full coupled-channel approach leads to a significant reduction of the Born amplitude
and matches the available data point very nicely. Hence, the final-state interactions are strong in
this channel. A similar finding has been reported in [OO98]. Finally we note that our approach
shows a visible cusp at the two-eta threshold. It is even more pronounced in the neutral-kaon
channel to which we turn next.
The reaction γγ → K0K¯0 is shown in the top right panel of Fig. 2.25. The data, albeit with
large error bars, point to an initial steep increase of the cross section with energy, followed by a
not so rapid fall. This behavior is qualitatively reproduced by our full calculation, though we do
not fully match the second data point quantitatively. Tree-level calculations cannot reproduce
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Figure 2.26.: Total cross sections for the reactions γγ→ pi+pi−, pi0pi0, pi0η, K+K−, K0K¯0 and ηη,
using (2.89) and (2.90). For definiteness, we fix g5 = 0. The various bands are
implied by a variation of the parameter Λs with 1.4 GeV (dashed line) < Λs < 1.8
GeV (solid line).
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at all this rise-and-fall behavior. Indeed, it is natural to expect that final-state interactions are
strong because the photons couple stronger to the intermediate charged states than to the final
neutral ones.
The bottom panel of Fig. 2.25 shows the cross section for the reaction γγ → ηη (see also
[LYZ99]). The data suggest a rather flat energy dependence which cannot be reproduced by a
pure tree-level calculation (dashed line). In contrast, our full calculation (solid lines) including
rescattering meets this requirement of a comparatively flat cross section.
We stress again that our results for γγ → K+K−, K0K¯0 and ηη cross sections are pure pre-
dictions. These channels did not enter the determination of free parameters. Note also that
the results are basically insensitive to the remaining free parameter g5. Clearly, better data in
these channels would be highly welcome to further check the validity of our coupled-channel
approach with dynamical vector mesons.
In Fig. 2.26 we finally show the sensitivity to a variation of Λs from 1.4 GeV to 1.8 GeV. As
one can see, the impact of this variation on the results is small.
We conclude that the reaction amplitudes which were derived from the chiral Lagrangian with
dynamical vector meson fields and then properly constrained by micro-causality and coupled-
channel unitarity, allow us to perform a controlled study of the reactions γγ → pi0pi0, pi+pi−,
K0K¯0, K+K−, ηη and pi0η up to about 1.2 GeV.
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3 Summary and Outlook
In this thesis we have successfully used the chiral Lagrangian formulated with light vector de-
grees of freedom to describe Goldstone-boson scattering and photon-fusion reactions. Within a
recently developed novel unitarization approach we obtained a unified description of pipi→ pipi,
pipi→ KK¯ , piK → piK and γγ→ pipi, KK¯ , ηη, piη reactions in agreement with the experimental
data up to about 1.2 GeV.
As a first step we derived from the chiral Lagrangian the two-body partial-wave amplitudes at
tree-level with respect to coupled-channel states of definite isospin, G-parity and strangeness.
The important s-, t- and u- vector meson exchange processes were taken into account explicitly.
In order to extrapolate subthreshold amplitudes into the physical region, we set the constraints
from micro-causality and coupled-channel unitarity. By means of partial-wave dispersion rela-
tion we decomposed left- and right-hand singularities, where the so-called generalized potential
characterized by left-hand cuts only. The latter was evaluated with help of chiral amplitudes and
suitably constructed conformal variables, which permit to achieve a correct asymptotic bound-
ary of the potential. This leads to results which comply with analyticity and unitarity conditions.
Moreover our analysis preserves the electromagnetic gauge invariance constraint.
After illustrating the usefulness and ability of the novel unitarization approach on Yukawa-
type interactions we have considered Goldstone-boson scattering. The resulting s- and p-wave
phase shifts for pipi and piK were obtained in a good agreement with the experimental data.
In the isoscalar and isovector sectors we dynamically generated the f0(980) and a0(980) reso-
nances, respectively, in accordance with the hadrogenesis conjecture. In the p-wave scattering,
vector mesons are described as Castillejo-Dalitz-Dyson poles. In particular, ρ and K∗ mesons
were reproduced accurately. The description was obtained with two relevant and known pa-
rameters only, the chiral limit value of the pion decay constant and the coupling constant
characterizing the decay of the rho meson into a pair of pions. The success of these results
motivated us to extend our analysis to photon-fusion reactions, where recently new data on
γγ→ pi+pi−, pi0pi0, pi0η and ηη processes have been reported by the Belle Collaboration. For
photon-fusion processes the chiral Lagrangian with dynamical vector fields has five unknown
parameters. They have been fixed from the reactions γγ → pi0pi0, pi+pi−, pi0η and from the
differential decay η→ pi0γγ. Based on our parameter constraints we predicted the low-energy
γγ→ K+K−, K0K¯0 and ηη cross sections. We emphasize that accurate low-energy photon fu-
sion data would further help us to examine the intricate dynamics of the Goldstone bosons and
light vector mesons.
There are a few possible extensions of this work. First, a calculation of higher order contribu-
tions which include pseudoscalar and vector-meson loops. In practice, however, it will lead to
an increasing number of free parameters in addition to a highly non-trivial step of the renormal-
ization of vector-meson loops. Second, another natural extension can be an inclusion of more
inelastic channels, like ρρ, piρ, NN¯ etc. and the investigation of their importance to coupled-
channel dynamics. According to the hadrogenesis conjecture we expect to obtain significant
results up to about 2 GeV once such channels are incorporated in a controlled manner.
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A Conventions
In this appendix we collect the basis conventions and notations used in this thesis.
1. Metric tensor:
gµν = gµν = diag{1,−1,−1,−1} . (A.1)
2. Scalar product:
(a · b) = aµbµ = gµν aµbν . (A.2)
3. Levi-Civita tensor:
εµναβ =
 1 if (µ,ν ,α,β) is an even permutation of (0,1,2,3)−1 if it is an odd permutation
0 otherwise
. (A.3)
4. Pauli matrices:
σ1 =

0 1
1 0

, σ2 =

0 −i
i 0

, σ3 =

1 0
0 −1

. (A.4)
5. Gell-Mann matrices:
λ1 =
 0 1 01 0 0
0 0 0
 , λ2 =
 0 −i 0i 0 0
0 0 0
 , λ3 =
 1 0 00 −1 0
0 0 0
 ,
λ4 =
 0 0 10 0 0
1 0 0
 , λ5 =
 0 0 −i0 0 0
i 0 0
 , λ6 =
 0 0 00 0 1
0 1 0
 , (A.5)
λ7 =
 0 0 00 0 −i
0 i 0
 , λ8 = 1p
3
 1 0 00 1 0
0 0 −2

with standard normalization
tr{λiλ j}= 2δi j . (A.6)
Note that in this normalization the first three Gell-Mann matrices contain three Pauli ma-
trices in the upper-left corner. The matrices λi=1,..,8 are the generators of the SU(3) group
and together with λ0 =
p
2/3diag{1,1,1} form a complete basis of the U(3) group.
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6. Masses and quantum numbers of the light pseudo-scalar and vector mesons.
meson IG(J P) mass [MeV] meson IG(J P) mass [MeV]
pi 1−(0−) 138,039 ρ 1+(1−) 770,00
K 1/2(0−) 495,675 K∗ 1/2(1−) 893,88
η 0+(0−) 547,450 ω 0−(1−) 782,57
φ 0−(1−) 1019,46
7. Throughout this thesis we use natural system of units, where ħh= 1 and c = 1. Furthermore
we adopt Heaviside system for electric charges, in which the factor 4pi appears in the fine
structure constant, α = e
2
4pi
' 1
137
. An electric charge has no dimension in these units and
equals to e ' 0.303.
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B Tensor representation for the
vector-meson fields
Typically, a massive vector field is described by a Lorenz field Vµ with four indices. However, by
the Lorenz condition
∂ µ Vµ = 0 , (B.1)
a mixture of the spin-0 component is frozen. This implies that the massive vector field has only
three polarization states and the free vector meson Lagrangian has the form
L=−1
4
Fµν Fµν +
1
2
m2 Vµ V
µ (B.2)
with the field strength Fµν = ∂µ Vν − ∂ν Vµ.
An alternative description of vector mesons is the antisymmetric tensor field representation
[EGPdR89]. The most general free Lagrangian for an antisymmetric tensor field of rank two
Wµν =−Wνµ has the form
L= a ∂ µWµν ∂ρW
ρν + b ∂ ρWµν ∂ρW
µν + cWµνW
µν (B.3)
with arbitrary constants a, b and c. The field Wµν has six degrees of freedom, but only three of
them actually propagate (massive spin-1 fields). Freezing out three fields by the choice of the
constants, a = 1/2, b = 0 and c = m2/4, the free Lagrangian takes the form [EGPdR89]
L=−1
2
∂ µWµν ∂ρW
ρν +
1
4
m2WµνW
µν , (B.4)
where m is the mass of the vector meson. Note that for simplicity, we consider here real fields
corresponding to neutral particles. The generalization to charged particles or, more generally, to
SU(3)multiplets of particles is straightforward1. The above Lagrangian (B.4) gives the equation
of motion
∂ µ ∂σW
σν − ∂ ν ∂σWσµ+m2Wµν = 0 . (B.5)
Contracting this equation with εαβµν ∂
β one can find that for m 6= 0 the following constraint is
satisfied
εαβµν ∂
βWµν = 0. (B.6)
Note, that exactly this combination appears in the hO term of the Lagrangian (1.40).
1 In the SU(3) case m= mV is the light vector meson mass in the chiral limit.
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From the Lagrangian one constructs the free propagator
〈0|T W α¯β¯(x)Wαβ(y)|0〉=
∫
d4k
(2pi)4
e−i k·(x−y) iSα¯β¯ ,αβ(k) , (B.7)
Sα¯β¯ ,αβ(k) =− 1
m2
1
k2−m2+ iε
h
(m2− k2) g α¯α g β¯β + g α¯α kβ¯ kβ − g α¯β kβ¯ kα− (α¯↔ β¯)
i
,
with the associated wave function2
〈0|Wµν |p,λ〉= εµν(p,λ) = im (pµ εν(p,λ)− pν εµ(p,λ)) ,
3∑
λ=1
ε†µ(p,λ)εν(p,λ) =−gµν +
pµ pν
m2
, (B.8)
where εµ(p,λ) is the conventional wave function of a vector particle in the vector representa-
tion. The free propagator (B.7) can be written in terms of longitudinal (L) and transversal (T)
components,
〈0|T W α¯β¯(x)Wαβ(y)|0〉= i
∫
d4k
(2pi)4
e−i k·(x−y)

− 2
k2−m2 P
α¯β¯ αβ
T +
2
m2
P α¯β¯ αβL

, (B.9)
where the tensors
P α¯β¯αβT =
1
2 k2

g α¯α kβ¯ kβ − gαβ¯ kα¯ kβ − (α↔ β)

,
P α¯β¯αβL = −
1
2 k2

g α¯α kβ¯ kβ − gαβ¯ kα¯ kβ − k2 g α¯α g β¯β − (α↔ β)

(B.10)
are transverse and longitudinal with respect to the four momentum k [Leu07]. From (B.9) it is
easy to see that only transverse modes propagate.
Generally, the physical results are independent on the particular choice of representation.
However in practice two, three,... point vertices can look different in different representations
and can have different orders according to some counting scheme. Moreover for electromag-
netic processes, the tensor representation for vector mesons overcomes complications of the
mixing between scalar and vector modes and provides gauge invariant amplitudes [LS08].
2 Note the properties εµν =−ενµ and qµ qν εµν = 0
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C Conformal mapping technique
In the application of dispersion integrals, a conformal mapping technique may be used. This
method allows to approximate an analytic function in a cut plane, based on the knowledge of
that function in a small region only. The approximation is achieved by first mapping the cut
plane conformally into a unit circle and then expanding into a power series.
Let us consider a typical function
f (w) = log

w−Λ0
µE −Λ0

, (C.1)
which is characterized by the left-hand cut structure at w < Λ0 in the complex w-plane. Imagine
that we know f (w) only in a small region around an expansion point w = µE and we want to
reconstruct this function for w > Λ0. An extrapolation can be performed by means of a standard
Taylor expansion around w = µE,
f (w) = f (µE) + f
′(µE) (w−µE) + 12 f
′′(µE) (w−µE)2+ ... , (C.2)
but the convergence radius, Λ0 < w < 2µE − Λ0, is limited by the distance to the closest
singularity at w = Λ0 (left-hand branch point).
Progress is made by performing the Taylor expansion in power of ξ, where ξ is a suitable
conformal variable constructed as to map the left-hand cut onto the unit circle in the complex
ξ−plane (see Fig.C.1),
ξ(w) =
p
w−Λ0−
p
µE −Λ0p
w−Λ0+
p
µE −Λ0
. (C.3)
ξξ(w)
µEΛ0 0−1
w
Figure C.1.: The conformal mapping w→ ξ that is given by Eq.(C.3).
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Figure C.2.: The sensitivity of the expansions (C.2) and (C.4) around µE = 1 with Λ0 = 0 on
the truncation order. First and second orders (dotted and dashed lines) of the stan-
dard Taylor expansion are displayed in comparison to the first order of the Taylor
expansion in power of ξ (dot-dashed line). Solid line is f (w).
The requirements that w = µE → 0 and w = Λ0→−1 make the mapping unique. The cut now
lies along the unit circle in the ξ-plane. As a result, we obtain the following Taylor expansion
around ξ0 = ξ(µE) = 0,
f (w(ξ)) = f (w(ξ0)) +
d f (w(ξ))
dξ

ξ=ξ0
(ξ− ξ0) + ... (C.4)
f (w) =
∞∑
n=0
cn [ξ(w)]
n = f (µE) + f
′(µE)w′(ξ(µE)) (ξ(w)− ξ(µE)) + ... ,
which converges at Λ0 < w < ∞ and recovers f (w) in its analyticity domain. In Fig.C.2 we
present the result for µE = 1 and Λ0 = 0. One can see that the Taylor expansion around w = 1
only converges in the region 0< w < 2, while the Taylor expansion around ξ= 0 converges for
all w > 0.
It is important to stress that the coefficients cn in Eq.(C.4) are all determined by the derivatives
of f (w) at an expansion point w = µE.
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D Kinematics
In this appendix, the basic definitions of kinematics are given. We consider scattering of two
particles of four-momenta p and q and masses m1 and m2 to particles of four-momenta p¯ and
q¯ and masses m¯1 and m¯2. In the center-of-mass frame the energies of the initial particles are
denoted by ω1, ω2, and the energies of the final particles by ω¯1, ω¯2. It holds
pµ =
 
ω1, 0, 0,+pcm

, p¯µ =
 
ω¯1,+p¯cm sinθ , 0,+p¯cm cosθ

,
ω1 =
Æ
p2cm+m
2
1 , ω¯1 =
Æ
p¯2cm+ m¯
2
1 , (D.1)
qµ =
 
ω2, 0, 0,−pcm , q¯µ =  ω¯2,−p¯cm sinθ , 0,−p¯cm cosθ ,
ω2 =
Æ
p2cm+m
2
2 , ω¯2 =
Æ
p¯2cm+ m¯
2
2 ,
where θ is the scattering angle in the center-of-mass frame (see Fig.D.1), pcm and p¯cm are the
momenta of the initial and final state. The Lorenz-invariant Mandelstam variables are defined
by
s = (p+ q)2 = (p¯+ q¯)2 ,
t = (q¯− q)2 = (p¯− p)2 , (D.2)
u = (q¯− p)2 = (p¯− q)2 ,
and satisfy the relation
s+ t + u= m21+m
2
2+ m¯
2
1+ m¯
2
2 .
The center-of-mass three momenta pcm and p¯cm of two particle system are expressed in terms
of the total energy
p
s as
p2cm =
1
4 s
 
s− (m1+m2)2 s− (m1−m2)2 ,
p¯2cm =
1
4 s
 
s− (m¯1+ m¯2)2 s− (m¯1− m¯2)2 . (D.3)
We define the polarization vectors εµ(k,λ) (where k is a momentum and λ is a helicity) for a
spin-one particle by
εµ(p¯,±1) =

0
∓ cosθp
2−ip
2± sinθp
2
 , εµ(p¯, 0) =

p¯cm
m¯1
ω¯1
m¯1
sinθ
0
ω¯1
m¯1
cosθ
 ,
εµ(q¯,±1) =

0
± cosθp
2−ip
2∓ sinθp
2
 , εµ(q¯, 0) =

p¯cm
m¯2− ω¯2
m¯2
sinθ
0
− ω¯2
m¯2
cosθ
 ,
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Figure D.1.: Definition of the scattering an-
gle in the center-of-mass frame of
m1+m2→ m¯1+m¯2 scattering. The
scattering plane is chosen to be the
azimuthal plane (φ = 0).
where the polarizations vectors of the corresponding incoming states are recovered with θ = 0
and removing the bars. The photon, being massless, can only have two helicities λ=±1.
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